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Abstract
We construct the complete invariant for fused links. It is proved that the
set of equivalence classes of n-component fused links is in one-to-one corre-
spondence with the set of elements of the abelization UV Pn/UV P ′n up to
conjugation by the elements from the symmetric group Sn < UV Bn.
Keywords: Fused links, unrestricted virtual braid group, knot invariant.
1 Introduction
Knot invariants are functions of knots that do not change under isotopies. The study
of knot invariants is at the core of knot theory. Indeed, the isotopy class of a knot
is, tautologically, a knot invariant. During last years different authors constructed
vast number of knot invariants: the (self) linking number, the unknotting number,
the knot group, the knot quandle, the Jones polynomial, the Conway polynomial
and so on (see, for example, [19, 7, 12]). The disadvantage of a large number of
easy countable invariants is that they are not complete, i. e. they do not distinguish
some knots or links.
At the same time there are few examples of complete knot invariants, but usually
it is difficult to understand if the value of the invariant on the knot coincides with
the value of this invariant on the another knot. The complement of a knot itself (as
a topological space) is known to be a complete invariant of the knot by the theorem
of C. Gordon and J. Luecke [10] in the sense that it distinguishes the given knot from
all other knots up to ambient isotopy and mirror image. Some invariants associated
with the knot complement include the knot group which is just the fundamental
group of the complement. The knot quandle is also a complete invariant in this
sense [12] but it is difficult to determine if two quandles are isomorphic.
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Thus an important problem in knot theory is to construct a complete knot in-
variant which can be easily found and used.
Recently some generalizations of classical knots and links were defined and stud-
ied: singular links [20, 5], virtual links [11, 18], welded links [8] and fused links
[13, 3, 17]. The problem of constructing invariants is also important for all of this
knot theories.
One of the ways of studying classical links is to study the braid group. Singular
braids [5, 2], virtual braids [18, 21], welded braids [8] and unrestricted virtual braids
[16, 13] were defined similar to the classical braid group adding the extra generators
and relations. Theorem of A. A. Markov [6, §2.2] reduces the problem of classi-
fication of links to some algebraic problems of the theory of braid groups. There
are generalizations of Markov theorem for virtual links, welded links and fused links
[14].
In the paper we study fused links, which were defined by L. Kauffman and
S. Lambropoulou in [17], and their invariants. Fused links are represented as generic
immersions of circles in the plane (fused link diagrams) where double points can be
classical (with the usual information on overpasses and underpasses) or virtual (see
Fig. 1).
Figure 1: Crossings in the double welded knot diagram
Fused link diagrams are equivalent under ambient isotopy and some types of local
moves (generalized Reidemeister moves): classical Reidemeister moves (see Fig. 2),
virtual Reidemeister moves (see Fig. 3), mixed Reidemeister moves (see Fig. 4) and
Forbidden moves (see. Fig. 5).
Figure 2: Classical Reidemmeister moves
Figure 3: Virtual Reidemeister moves
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Figure 4: Mixed Reidemeister moves
Figure 5: Forbidden moves
In the theory of fused links every knot is equivalent to the unknot [15]. However
not every link is equivalent to the trivial link. For example, trivial 2-component link,
Hopf link and Hopf link with one virtual crossing and with one classical crossing all
are different (see Fig. 6).
Figure 6: Different 2-component fused links
The full classification of fused links is not (completely) trivial. In particular, A. Fish
and E. Keyman proved that the fused link with classical crossings only is completely
determined by the linking numbers of each pair of components [9]. It means that the
set of linking numbers for each pair of components of fused links is a full invariant
for fused links which have only classical crossings.
In the present paper we find all non-equivalent classes of fused links and construct
an easy computable full invariant for fused links. We use the following proposition,
which is implicitly formulated in [3].
Proposition. There exists a map %∗ : UV B∞ → UV P∞, such that the closures
of the braids β and %∗(β) are equivalent as fused links.
Denote by T the set of coset representatives of UV Pn/UV P ′n and for the element
α ∈ UV Pn denote by α ∈ T the unique coset representative αUV P ′n = αUV P ′n.
Then the main result of the paper can be formulated in the following form.
Theorem. Let α and β be unrestricted virtual braids. Then their closures α̂ and
β̂ are equivalent as fused links if and only if %∗(α) and %∗(β) are conjugated by the
element from Sn < UV Bn.
Thus the map α̂ → %∗(α)Sn is a complete invariant for fused links and in order
to understand that two fused links α̂ an β̂ are equivalent or not we just need to
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compare two finite sets %∗(α)
Sn and %∗(β)
Sn , or equivalently, to understand that the
element %∗(α) belongs to the finite set %∗(β)
Sn or not.
At the almost same time B. Audoux, P. Bellingeri, J.-B. Meilhan and E. Wagner
found the full classification of fused links independently from the author [1, Theorem
2.5]. Using the different from the author’s methods they proved that every fused
link is completely determined by the set of virtual linking numbers for each pair of
components. The result is the same (however in different formulation) and these
two approaches seem to us complementary and both interesting.
The author is grateful to Valeriy Bardakov for multiple helpful advices during
the work on the paper. Also the author would like to thank the University of
Bologna (Italy) where a part of this work was completed and especially Prof. Michele
Mulazzani for his help and support.
2 Definitions and results
In this section we fix notation and recall basic definitions and known results about
different generalizations of braid groups. The classical braid group Bn on n strands
(n > 1) is the group generated by the elements σ1, . . . , σn−1 (see Fig. 7)
Figure 7: Geometric braids representing σi (on the left) and σ−1i (on the right)
with the following defining relations.
σiσi+1σi = σi+1σiσi+1 i = 1, . . . , n− 2; (B1)
σiσj = σjσi |i− j| ≥ 2. (B2)
There exists a homomorphism ι : Bn → Sn from the braid group Bn onto the
symmetric group Sn on n letters. This homomorphism maps the generator σi to the
transposition τi = (i, i+1) for i = 1, 2, . . . , n−1. The kernel of this homomorphism
is called pure braid group on n strands and denoted by Pn.
The virtual braid group V Bn is a group obtained from Bn adding new generators
ρ1, . . . , ρn−1 (see Fig. 8)
and additional relations
ρiρi+1ρi = ρi+1ρiρi+1 i = 1, . . . , n− 2; (P1)
ρiρj = ρjρi |i− j| ≥ 2; (P2)
ρ2i = 1 i = 1, . . . , n− 1; (P3)
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σiρj = ρjσi |i− j| ≥ 2; (M1)
ρiρi+1σi = σi+1ρiρi+1 i = 1, . . . , n− 2. (M2)
It is easy to verify that the elements ρ1, . . . , ρn−1 generate the symmetric group Sn.
Also it is known that the elements σ1, . . . , σn−1 generate the braid group Bn. In the
paper [11] it is proved that the relations
ρiσi+1σi = σi+1σiρi+1 i = 1, . . . , n− 2; (F1)
ρi+1σiσi+1 = σiσi+1ρi i = 1, . . . , n− 2; (F2)
do not hold in the group V Bn. According to [8] the welded braid group WBn on n
strands is a quotient of the group V Bn by the forbidden relation (F1), i. e. it is a
group with the generators σ1, . . . , σn−1, ρ1, . . . , ρn−1 and relations (B1)–(F1). If we
add to the groupWBn the second forbidden relation (F2) the we get the unrestricted
virtual braid group UV Bn.
The elements σ1, . . . , σn−2, ρ1, . . . , ρn−2 generate the subgroup UV Bn−1 in the
group UV Bn. Then we have the following chain of inclusions.
UV B2 < UV B3 < UV B4 < · · · < UV B∞ =
⋃
n≥2
UV Bn
The homomorphism ι can be extended to the homomorphism UV Bn → Sn by the
rule ι : σi, ρi 7→ τi = (i i + 1). The kernel of this homomorphism is called pure
unrestricted virtual braid group and is denoted by UV Pn. The group UV P∞ is
defined analogically to the group UV B∞.
UV P2 < UV P3 < UV P4 < · · · < UV P∞ =
⋃
n≥2
UV Pn
The symmetric group Sn acts on the set {1, . . . , n}. By the symbol pi(k) we
denote an image of the integer k ∈ {1, . . . , n} under the permutation pi. If for the
braid α we have ι(α)(k) = k, then we say that α fixes k or k is fixed by α.
We say that the braid α does not involve the strand j if α belongs to the group
〈σ1, . . . , σj−2, σj+1, . . . , σn−1, ρ1, . . . , ρj−2, ρj+1, . . . , ρn−1〉. It is obvious that the braid
α ∈ 〈ρ1, . . . , ρn−1〉 which fixes the strands n− 1, n does not involve an n-strand.
We say that the braid β ∈ UV Bn+1 is obtained from the braid α ∈ UV Bn
by right stabilization of positive (negative, virtual) type if β = ασn (β = ασ−1n ,
Figure 8: Geometric braid representing ρi
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β = αρn respectively). In this case we say that the braid α is obtained from the
braid β by the opposite to the right stabilization of positive (negative, virtual) type
transformation. S. Kamada proved an analogue of Markov theorem for welded links
in [14, Theorem 2].
Theorem 1. Closures of two welded braids α and β are equivalent as welded links
if and only if they are related by the finite sequence of the following transformations.
1. A conjugation in the welded braid group,
2. A right stabilization of positive, negative or virtual type,
3. An opposite to a right stabilization of positive, negative or virtual type trans-
formation.
This theorem also holds for fused links since every relation of welded braid group
is fulfilled in the unrestricted virtual braid group.
Let us define some element of UV Bn. For i = 1, . . . , n− 1 :
λi,i+1 = ρiσ
−1
i ,
λi+1,i = ρiλi,i+1ρi = σ
−1
i ρi.
For 1 ≤ i < j − 1 ≤ n− 1:
λi,j = ρj−1ρj−2 . . . ρi+1λi,i+1ρi+1 . . . ρj−2ρj−1,
λj,i = ρj−1ρj−2 . . . ρi+1λi+1,iρi+1 . . . ρj−2ρj−1.
The elements λi,j and λj,i for i < j belong to the pure unrestricted virtual braid
group UV Pn and have the following geometric interpretation (see Fig. 9).
Figure 9: Geometric braids representing λi,j (on the left) and λj,i (on the right)
The following lemma is proved in [4, Lemma 1] for the corresponding elements in
V Bn and therefore is also true in the quotient UV Bn.
Lemma 1. The following conjugating rules are fulfilled in UV Bn:
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1. for 1 ≤ i < j ≤ n and k < i− 1 or i < k < j − 1 or k > j:
ρkλi,jρk = λi,j, ρkλj,iρk = λj,i;
2. for 1 ≤ i < j ≤ n:
ρi−1λi,jρi−1 = λi−1,j, ρi−1λj,iρi−1 = λj,i−1;
3. for 1 ≤ i < j − 1 ≤ n:
ρiλi,i+1ρi = λi+1,i, ρiλi,jρi = λi+1,j,
ρiλi+1,iρi = λi,i+1, ρiλj,iρi = λj,i+1;
4. for 1 ≤ i+ 1 < j ≤ n:
ρj−1λi,jρj−1 = λi,j−1, ρj−1λj,iρj−1 = λj−1,i;
5. for 1 ≤ i < j ≤ n:
ρjλi,jρj = λi,j+1, ρjλj,iρj = λj+1,i.
The following result on the structure of the pure unrestricted virtual braid group
UV Pn is presented in [3, Theorem 2.7].
Theorem 2. The group UV Pn has a presentation with generators λk,l for 1 ≤ k 6=
l ≤ n, and defining relations: λi,j commutes with λk,l if and only if {i, j} 6= {k, l}.
Let Uj be the subgroup of UV Pn generated by the elements {λi,j, λj,i | 1 ≤ i < j}.
Then by Theorem 2 we have
Uj = 〈λ1,j, λj,1〉 × 〈λ2,j, λj,2〉 × · · · × 〈λj−1,j, λj,j−1〉 = F2 × · · · × F2, (1)
UV Pn = U2 × U3 × · · · × Un. (2)
The structure of the unrestricted virtual braid group UV Bn follows from Lemma
1 and the theorem 2 and is also given in [3, Theorem 2.4].
Theorem 3. The group UV Bn is isomorphic to the semidirect product UV PnhSn,
where the symmetric group Sn acts by permutations on the indices of generators λi,j
of UV Pn.
Denote by Bi,j = ρj−1ρj−2 . . . ρi+1ρi if i < j and Bi,j = 1 in other cases. Using
simple calculations in the group Sn it is easy to see that for i < j the image ι(Bi,j)
is a cycle (i i+ 1 . . . j).
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3 Construction of %∗
In this section we construct the map %∗ : UV B∞ → UV P∞, which is implicitly
constructed in [3]. At first we prove the following lemma.
Lemma 2. Let α ∈ UV Bn and s ∈ {1, . . . , n} be a maximal number, such that
ι(α)(s) 6= s. Then α can be uniquely expressed in the form
α = γxsBks,sxs+1xs+2 . . . xn,
where xi ∈ Ui and the braid γ ∈ UV Bn does not involve the strands s, s+ 1, . . . , n.
Proof. By the theorem 3 for certain elements β ∈ UV Pn and pi ∈ Sn we have
α = βpi. (3)
Let ks = pi(s) = ι(βpi)(s) = ι(α)(s) 6= s. Since ι(α) is a bijection of {1, . . . , n} and
ι(α)(s) = ks, then we have ι(α)(ks) 6= ks. Since s is a maximal number with the
condition ι(α)(s) 6= s then ks < s and therefore Bks,s 6= 1.
Since the permutations pi and B−1ks,s act identically on the integers s + 1, . . . , n,
then the permutation δ = piB−1ks,s also acts identically on the integers s + 1, . . . , n.
Moreover the image of the integer s under the permutation δ is equal to s
s
pi−−−→ ks
B−1ks,s−−−−→ s,
therefore δ = piB−1ks,s acts identically on the integers s, . . . , n.
By the equality (2) for certain elements yj ∈ Uj we have β = y2y3 . . . yn, and
therefore we can rewrite the equality (3).
α = βpi = y2y3 . . . ynδBks,s = δ(y2y3 . . . yn)
δBks,s (4)
Since (y2 . . . yn) is a pure braid, then (y2y3 . . . yn)δ is a pure braid and therefore
by the equality (2) we have (y2y3 . . . yn)δ = z2 . . . zn for certain elements zj ∈ Uj.
The braids z2, . . . , zs−1 do not involve the strands s, s+1, . . . , n, therefore the braid
γ = δz2 . . . zs−1 does not involve the strands s, s + 1, . . . , n. Then the equality (4)
can be rewritten in the following form.
α = δ(y2y3 . . . yn)
δBks,s = δz2 . . . zs−1zszs+1 . . . znBks,s
= γzszs+1 . . . znBks,s = γzsBks,s(zs+1 . . . zn)
Bks,s = γzsBks,sz
Bks,s
s+1 . . . z
Bks,s
n
Since zj ∈ Uj = 〈λ1,j, λj,1〉×〈λ2,j, λj,2〉×· · ·×〈λj−1,j, λj,j−1〉, then by the theorem
3 for every j = s + 1, . . . , n we have zBks,sj ∈ Uj. Therefore, if we denote xs = zs,
xs+1 = z
Bks,s
s+1 , . . . , xn = z
Bks,s
n then we have
α = γxsBks,sxs+1 . . . xn.
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and we proved that the braid α can be written in the form from the formulation of
the lemma.
To prove that such a representation is unique we consider another representation
of α in the form from the formulation of the lemma
α = γxsBks,sxs+1 . . . xn = ηysBts,sys+1 . . . yn (5)
and prove that γ = η, ks = ts and xj = yj for every j = s, . . . , n.
From the equality (5) we have
η−1γ = ysBts,sys+1 . . . yn(xsBks,sxs+1 . . . xn)
−1 (6)
Without loss of generality consider that ts ≤ ks and look at the images of the
braids from the right and left sides of this equality under the homomorphism ι.
The permutation ι(ysBts,sys+1 . . . yn(xsBks,sxs+1 . . . xn)−1) maps s to s if ts = ks and
maps s to ts if ts < ks
s
ι(ysBts,sys+1...yn)−−−−−−−−−−−−→ ts ι((xsBks,sxs+1...xn)
−1)−−−−−−−−−−−−−−−→ ts.
At the same time since η and γ does not involve the strands s, . . . , n, then s is
fixed by the permutation ι(η−1γ) and therefore ts = ks. Then from the equality (6)
we have ι(ysBts,sys+1 . . . yn(xsBks,sxs+1 . . . xn)−1) = 1 and ι(η−1γ) = 1. Therefore
η−1γ ∈ UV Pn and since it does not involve the strands s, s+ 1, . . . n, we have
η−1γ ∈ 〈U2, . . . , Us−1〉.
On the other side the braid ysBts,sys+1 . . . yn(xsBks,sxs+1 . . . xn)−1 can be rewrit-
ten in the following form.
ysBts,sys+1 . . . yn(xsBks,sxs+1 . . . xn)
−1 = ysBts,sys+1 . . . ynx
−1
n . . . x
−1
s+1B
−1
ts,sx
−1
s
= ysBts,sB
−1
ts,s(ys+1 . . . ynx
−1
n . . . x
−1
s+1x
−1
s )
B−1ts,sx−1s
= ys(ys+1 . . . ynx
−1
n . . . x
−1
s+1x
−1
s )
B−1ts,sx−1s
By the theorem 3 for every j = s + 1, . . . , n we have y
B−1ts,s
j ∈ Uj, (x−1j )B
−1
ts,s ∈ Uj,
therefore
ysBts,sys+1 . . . yn(xsBks,sxs+1 . . . xn)
−1 ∈ 〈Us, . . . , Un〉.
From the equality (2) we have 〈U2, . . . , Us−1〉 ∩ 〈Us, . . . , Un〉 = 1, therefore η = γ
and xsBks,sxs+1 . . . xn = ysBts,sys+1 . . . yn. The lemma is proved.
The following lemma has a bit different formulation in the paper [3] and it
completely proved there. However here we formulate the lemma in the other words
and repeat the proof from [3] since this lemma is extremely important in our paper.
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Lemma 3. There exists a map % : UV B∞ → UV B∞ with the following conditions.
1. For any α the closures of α and %(α) are equivalent as double welded links.
2. If α ∈ UV P∞, then %(α) = α.
3. If α ∈ UV Bn \ UV Pn, then %(α) ∈ UV Bn−1.
Proof. We explicitly construct the image of the braid α ∈ UV Bn under the
map %. If α ∈ UV Pn, then %(α) = α and there is nothing to construct. So let
α ∈ UV Bn \ UV Pn, then the algorithm of finding %(α) has the following steps.
Step 1. Find a maximal number s ∈ {1, . . . , n} with the condition ι(α)(s) = ks 6= s.
Step 2. Conjugate the braid α by the element Bn−s1,n .
α1 = B
s−n
1,n δB
n−s
1,n
The fused link α̂1 is equivalent to α̂, and the permutation induced by the braid
α1 maps n to kn = n− s+ ks < n
n
Bs−n1,n−−−−→ s α−−−→ ks
Bn−s1,n−−−−→ n− s+ ks = kn.
Step 3. By Lemma 2 express the braid α1 in the form
α1 = γw1 . . . wn−1ρn−1Bkn,n−1,
where the braid γ does not involve the strand n and wi ∈ 〈λi,n, λn,i〉 for
i = 1, . . . , n (see Fig. 10).
Figure 10: The braid α1
By Lemma 2 we have α1 = γxnBkn,n, where the braid γ does not involve
an n-strand and xn ∈ Un. By the equality (1) we have xn = w1 . . . wn−1 for
wi ∈ 〈λi,n, λn,i〉. Sine Bkn,n 6= 1, then Bkn,n = ρn−1Bkn,n−1.
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Step 4. Change the braid α1 by the braid
α2 = γw1 . . . wn−2ρn−1Bkn,n−1.
From the figure 10 it is obvious that all the crossings of wn−1 belong to the
same component of α̂1, therefore, we can virtualize all the classical crossings
of wn−1ρn−1 using Kanenobu’s technique [15, Proof of the theorem 1], i. e. to
change σn−1 to ρn−1 in the representation of wn−1 and to obtain a braid α2
such that α̂2 and α̂1 are equivalent as fused links.
Since wn−1 ∈ 〈λn−1,n, λn,n−1〉 and λn−1,n = ρn−1σ−1n−1, λn,n−1 = σ−1n−1ρn−1, then
after virtualization of classical crossings the braid wn−1ρn−1 involved an odd
number of ρn−1 and we obtain ρn−1 instead of wn−1ρn−1. Therefore the closure
of the braid α2 = γw1 . . . wn−2ρn−1Bkn,n−1 is equivalent to the closure of the
braid α1 as fused link.
Step 5. Construct %(α).
Note that by Lemma 1 for all λj,n and λn,j with j < n− 1 we have:
λj,nρn−1 = ρn−1λj,n−1,
λn,jρn−1 = ρn−1λn−1,j.
Therefore α2 = γρn−1w′1 . . . w′n−2Bkn,n−1, where w′i = w
ρn−1
i is a braid from
〈λi,n−1, λn−1,i〉 and hence does not involve an n-strand (see Fig. 11).
Figure 11: The braid α2
In the braid α2 there is only one (virtual) crossing on the n-strand, so, using
Markov moves we obtain a new braid α3 = γw′1 . . . w′n−2Bkn,n−1 whose closure
is again equivalent to α̂ and has n− 1 strands. We have constructed the braid
%(α) = α3 = γw
′
1 . . . w
′
n−2Bkn,n−1.
The lemma is proved.
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Remark 1. It is obvious that the equality %(α) = %(α1) = %(α2) holds in Lemma
2.
Let α ∈ UV Bn, then the sequence %(α), %2(α), . . . is stabilized on some step. Let
%∗ be such a map which maps the braid α to the braid %k(α), where k is a minimal
integer such that %k(α) = %k+1(α). Every step of finding %(α) is clearly defined,
therefore %∗ is a correct function.
Using simple induction on the number n it is easy to prove the following fact.
Remark 2. Let α ∈ UV Bn be the braid, such that %∗(α) ∈ UV Pm. If α = βγ for
β ∈ UV Bn, γ ∈ UV P ′n, then %∗(α) = %∗(β)δ, where δ ∈ UV P ′m.
From Lemma 3 We have the following corollary which is formulated and proved
in the paper [3].
Proposition 1. Let α ∈ UV Bn be an unrestricted virtual braid, such that its
closure α̂ has m components. Then there exists a pure unrestricted virtual braid
β ∈ UV Pm, such that α̂ = β̂.
Proof. β = %∗(α).
4 Proof of the main results
Lemma 4. Let α ∈ UV Pn and u, v ∈ 〈λn−1,n, λn,n−1〉. Then the closure of the
braids α and α[u, v] are equivalent as fused links.
Proof. Let γ be the following braid from UV Bn+2
γ = αu−1ρn−1uρnρn−1Bn−1,n+1Bn−1,n+2.
Here the braid αu−1ρn−1 does not involve the strands n + 1, n + 2 and the braid
uρnρn−1 belongs to 〈λn,n+1, λn+1,n〉. Let us find the braid %(γ).
Step 1. Since ι(γ)(n + 2) = n − 1, then the maximal number which is not fixed by γ
is equal to n+ 2.
Step 2. γ1 = γ.
Step 3. γ = αu−1ρn−1uρnρn−1Bn−1,n+1Bn−1,n+2, where the braid αu−1ρn−1uρnρn−1Bn−1,n+1
does not involve the strand n+ 2.
Step 4. γ2 = αu−1ρn−1uρnρn−1Bn−1,n+1ρn+1Bn−1,n+1.
Step 5. %(γ) = αu−1ρn−1uρnρn−1Bn−1,n+1Bn−1,n+1.
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Let us find the braid %2(γ).
Step 1. Since ι(%(γ))(n+1) = n, then the maximal number which is not fixed by %(γ)
is equal to n+ 1.
Step 2. %(γ)1 = %(γ).
Step 3. The braid %(γ) can be rewritten
%(γ) = αu−1ρn−1uρnρn−1Bn−1,n+1Bn−1,n+1
= αu−1ρn−1uρnρn−1ρn−1ρn
= αu−1ρn−1uρnρn−1ρn−1ρn = αu−1uρnρn,
where the braid αu−1 does not involve the strand n + 1 and uρn belongs to
〈λn−1,n+1, λn+1,n−1〉.
Step 4. %(γ)2 = αu−1uρnρn.
Step 5. %2(γ) = α.
Since %2(γ) = α is a pure braid, then %∗(γ) = α. Let w = vρn−1Bn−1,n+1Bn−1,n+2 , then
by Lemma 1 the braid w belongs to 〈λn+2,n+1, λn+1,n+2〉. Denote by δ = wγw−1 and
find the braid %∗(δ). At first find the braid %(δ).
Step 1. Since w is a pure braid, then the maximal number, which is not fixed by δ is
equal to the maximal number which is not fixed by γ and is equal to n+ 2.
Step 2. δ1 = δ.
Step 3. The braid δ can be rewritten in details
δ = wγw−1 = wαu−1ρn−1uρnρn−1Bn−1,n+1Bn−1,n+2w−1
= αu−1ρn−1uρnρn−1wBn−1,n+1(w−1)B
−1
n−1,n+2Bn−1,n+2
= αu−1ρn−1uρnρn−1Bn−1,n+1wBn−1,n+1(w−1)B
−1
n−1,n+2Bn−1,n+2
= αu−1ρn−1uρnρn−1Bn−1,n+1(w−1)B
−1
n−1,n+2wBn−1,n+1Bn−1,n+2,
where the braid αu−1ρn−1uρnρn−1Bn−1,n+1(w−1)B
−1
n−1,n+2 does not involve the
strand n+ 2 and the braid wBn−1,n+1 belongs to 〈λn+2,n, λn,n+2〉.
Step 4. δ2 = αu−1ρn−1uρnρn−1Bn−1,n+1(w−1)B
−1
n−1,n+2wBn−1,n+1ρn+1Bn−1,n+1.
Step 5. %(γ) = αu−1ρn−1uρnρn−1Bn−1,n+1(w−1)B
−1
n−1,n+2wBn−1,n+1ρn+1Bn−1,n+1.
Let us fin the braid %2(δ)
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Step 1. Since ι(%(δ))(n+ 1) = n, then n+ 1 is maximal number which is not fixed by
%(δ).
Step 2. %(δ)1 = %(δ).
Step 3. The braid %(δ) can be rewritten in details
%(δ) = αu−1ρn−1uρnρn−1Bn−1,n+1(w−1)B
−1
n−1,n+2wBn−1,n+1ρn+1Bn−1,n+1
= αu−1ρn−1uρnρn−1(w−1)B
−1
n−1,n+2B
−1
n−1,n+1wBn−1,n+1ρn+1B
−1
n−1,n+1Bn−1,n+1Bn−1,n+1
= αu−1ρn−1uρnρn−1(w−1)B
−1
n−1,n+2B
−1
n−1,n+1wBn−1,n+1ρn+1B
−1
n−1,n+1ρn−1ρn
= αu−1uρn(w−1)B
−1
n−1,n+2B
−1
n−1,n+1ρn−1wBn−1,n+1ρn+1B
−1
n−1,n+1ρn−1ρn
= αu−1(w−1)B
−1
n−1,n+2B
−1
n−1,n+1ρn−1uρnwBn−1,n+1ρn+1B
−1
n−1,n+1ρn−1ρn,
where the braid αu−1(w−1)B
−1
n−1,n+2B
−1
n−1,n+1ρn−1 does not involve the strand n+1
and the braid uρnwwBn−1,n+1ρn+1B
−1
n−1,n+1ρn−1 belongs to 〈λn−1,n+1, λn+1,n−1〉.
Step 4. %(δ)2 = αu−1(w−1)B
−1
n−1,n+2B
−1
n−1,n+1ρn−1uρnwBn−1,n+1ρn+1B
−1
n−1,n+1ρn−1ρn.
Step 5. The braid %2(δ) follows
%2(δ) = αu−1(w−1)B
−1
n−1,n+2B
−1
n−1,n+1ρn−1uwBn−1,n+1ρn+1B
−1
n−1,n+1ρn−1ρn .
Since w = vρn−1Bn−1,n+1Bn−1,n+2 , then (w−1)B
−1
n−1,n+2B
−1
n−1,n+1ρn−1 = v−1 and
wBn−1,n+1ρn+1B
−1
n−1,n+1ρn−1ρn = v
ρn−1Bn−1,n+1Bn−1,n+2Bn−1,n+1ρn+1B−1n−1,n+1ρn−1ρn
= vρn−1Bn−1,n+1Bn−1,n+2Bn−1,n+1ρn+1ρn−1ρnρn−1ρn
= vρn−1Bn−1,n+1Bn−1,n+2Bn−1,n+1ρn+1ρnρn−1
= vρn−1Bn−1,n+2Bn,n+2Bn−1,n+1ρn+1ρnρn−1
= vρn−1Bn−1,n+2ρn+1ρn−1ρn+1ρnρn−1
= vρn−1Bn−1,n+2ρn−1ρnρn−1 = vρn−1ρn+1ρn−1 = vρn+1
= v (since v ∈ 〈λn−1,n, λn,n−1〉)
Therefore %2(δ) = αu−1v−1uv = α[u, v]. Since %2(δ) is a pure braid, then
%∗(δ) = %2(δ) = α[u, v].
Since the closures of the braids γ and δ = γw−1 define equivalent fused links, then
the closures of the braids %∗(γ) = α and %∗(δ) = α[u, v] define equivalent fused links.
The lemms is proved.
Denote by T the set of coset representatives of UV Pn/UV P ′n and for the element
α ∈ UV Pn denote by α ∈ T the unique coset representative αUV P ′n = αUV P ′n. The
following statement almost immediately follows from Lemma 4.
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Corollary 1. Let α, β ∈ UV Pn be unrestricted virtual braids, such that α and β
are conjugated by the element from Sn. Then the fused links α̂ and β̂ are equivalent.
Proof. Since α and β are conjugated by the element from Sn then the closures
of the braids α and β are equivalent fused links. Therefore it is enough to prove
that the closure of the braid α is equivalent to the closure of the braid α and the
closure of the braid β is equivalent to the closure of the braid β.
Since αUV P ′n = αUV P ′n, then α = α[u1, v1][u2, v2] . . . [uk, vk] for certain ele-
ments ui, vi ∈ UV Pn, i = 1, . . . , k. By Theorem 2 we can consider that ui, vi ∈
〈λri,si , λsi,rI 〉. Denote by α0 = α, α1 = α0[u1, v1], α2 = α1[u2, v2], . . . , αk =
αk−1[uk, vk] = α. If we prove that the closure of αi and the closure of αi−1 de-
fine the same fused link for every i = 1, . . . , k, then we prove that the closures of
the braids α and α are equivalent as fused links. Therefore we can consider that
α = α[u, v] for some u, v ∈ 〈λr,s, λs,r〉.
The closure of the braid α is equivalent to the closure of the braid αµ for any
µ ∈ Sn < UV Bn. If µ is a permutation which maps s to n−1 and maps r to n, then
the closure of the braid α is equivalent to the closure of the braid αµ = αµ[uµ, vµ]. By
Theorem 3 the braids uµ, vµ belong to 〈λn−1,n, λn,n−1〉, thus by Lemma 4 the closure
of the braid α is equivalent to the closure of the braid αµ and is also equivalent
to the closure of α. The closure of β is equivalent to the closure of β by the same
reasons. The corollary is proved.
Proposition 2. Let α, β ∈ UV B∞ be unrestricted virtual braids, such that α̂
and β̂ are equivalent fused links with m components. Then %∗(α) and %∗(β) are
conjugated by the element from Sn.
Proof. Since the links α̂ and β̂ are equivalent, then by Theorem 1 the braids α
and β are related by the finite sequence of Markov’s transformations. It means that
there is a finite sequence of braids
α = α0, α1, . . . , αk = β
such that αj+1 is obtained from αj by conjugation in UV B∞, by right stabilization
or by inverse to right stabilization transformation.
If we prove that %∗(αj) and %∗(αj+1) are conjugated by the element from Sn for
every j = 0, . . . , k − 1, than we prove that %∗(α) and %∗(β) are conjugated by the
element from Sn, therefore we can consider that β is obtained from α using only one
Markov’s transformation.
Case 1. The braid β is obtained from the braid α by right stabilization of positive,
negative or virtual type. We consider only the case of right stabilization of positive
type (β = ασn), the cases of right stabilization of negative and virtual type are
similar.
Let us count the image of β under the map %:
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Step 1. Since β = ασn, then ι(β)(n+ 1) = ι(ασn)(n+ 1) = n 6= n+ 1
n+ 1
α−−−→ n+ 1 σn−−−→ n,
therefore n+ 1 is a maximal number which is not fixed by β.
Step 2. β1 = B
n+1−(n+1)
1,n+1 βB
n+1−(n+1)
1,n+1 = β.
Step 3. We can rewrite the braid β1 in the following form
β1 = β = ασn = ασnρnρn = αλ
−1
n,n+1ρn,
where the braid α does not involve the strand n+1 and λ−1n,n+1 ∈ 〈λn,n+1, λn+1,n〉.
Step 4. β2 = αρn.
Step 5. %(β) = α.
Since %(β) = α, then %∗(β) = %∗(α) (and they the braids %∗(β) and %∗(α) are
certainly conjugated).
Case 2. The braid β is obtained from the braid α by an opposite to a right
stabilization of positive, negative or virtual type transformation.
In this case the braid α is obtained from the braid β by right stabilization of
positive (negative, virtual) type and by the case 1 we have %∗(α) = %∗(β).
Case 3. The braid β is obtained from the braid α by conjugation in UV Bn.
Since the braid α and β are conjugated, then for some braid θ we have β = αθ.
Since σi = ρiλi,i+1, then θ = y1y2 . . . yr, where
yi ∈ {ρ1, . . . , ρn−1, λ±11,2, λ±12,3, . . . , λ±1n−1,n}.
If we denote δ1 = α, δ2 = δy11 , δ3 = δ
y2
2 , . . . , δr+1 = δyrr = β and prove that %∗(δj)
is conjugated with %∗(δj+1) by the element from Sn for every j = 1, . . . , r + 1, then
we prove that %∗(α) is conjugated with %∗(β) by the element from Sn. Therefore we
can consider that β is obtained from α conjugating by ρi or λ±1i,i+1 for some i.
We use the induction by the parameter n −m, i. e. by the difference between
the number of strands in the braid α and the number components in the link α̂.
If n−m = 0, then α and β are pure braids and %∗(α) = α, %∗(β) = β. Let β = αµ
for some braid µ ∈ UV Bn, then by Theorem 3 for certain elements β ∈ UV Pn and
pi ∈ Sn the braid µ can be presented as a product µ = βpi. Therefore
%∗(β) = β = αµ = µ−1αµ = pi−1β−1αβpi
= pi−1αβ−1[β−1, α]βpi = pi−1α[β−1, α]βpi = pi−1%∗(α)[β−1, αβ]pi
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Since α, β ∈ UV Pn, then [β−1, αβ] ∈ UV P ′n, therefore %∗(α)[β−1, αβ] = %∗(α) and
%∗(β) = %∗(α)
pi
.
If n−m > 0, then α, β ∈ UV Bn \UV Pn, %∗(α) 6= α, %∗(β) 6= β and we have the
following cases
Case 3.1. The braid β is obtained from α conjugating by ρi. Let us find %(α).
Step 1. Let s be a maximal number which is not fixed by α and ι(α)(s) = ks.
Step 2. Since α1 = Bs−n1,n αB
n−s
1,n , then ι(α1)(n) = ks + n− s = kn 6= n.
n
Bs−n1,n−−−−→ s α−−−→ ks
Bn−s1,n−−−−→ ks + n− s = kn.
Step 3. Express the braid α1 in the form
α1 = B
s−n
1,n αB
n−s
1,n = γw1 . . . wn−1ρn−1Bkn,n−1, (7)
where the braid γ does not involve the strand n and wi ∈ 〈λi,n, λn,i〉.
Step 4. α2 = γw1 . . . wn−2ρn−1Bkn,n−1.
Step 5. The braid %(α) has the following form
%(α) = γw
ρn−1
1 . . . w
ρn−1
n−2 Bkn,n−1, (8)
where wρn−1j ∈ Un−1 does not involve the strand n.
Case 3.1.1. i ≤ ks − 2. Let us count the braid %(β) = %(ρiαρi).
Step 1. Since i ≤ ks−2, then ρi fixes s and ks, therefore s is a maximal number which
is not fixed by β and ι(β)(s) = ks.
s
ρi−−−→ s α−−−→ ks ρi−−−→ ks
Step 2. We have β1 = Bs−n1,n βB
n−s
1,n , then the permutation ι(β) maps n to kn 6= n.
n
Bs−n1,n−−−−→ s β−−−→ ks
Bn−s1,n−−−−→ ks + n− s = kn
Step 3. For i ≤ ks − 2 we have
ρiB1,n = ρiρn−1 . . . ρ1 = ρiρn−1 . . . ρi+2ρi+1ρiρi−1 . . . ρ1
= ρn−1 . . . ρi+2ρiρi+1ρiρi−1 . . . ρ1
= ρn−1 . . . ρi+2ρi+1ρiρi+1ρi−1 . . . ρ1
= ρn−1 . . . ρi+2ρi+1ρiρi−1 . . . ρ1ρi+1 = B1,nρi+1,
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therefore ρiBn−s1,n = B
n−s
1,n ρi+n−s and hence we have
β1 = B
s−n
1,n βB
n−s
1,n = B
s−n
1,n ρiαρiB
n−s
1,n = ρi+n−sB
s−n
1,n αB
n−s
1,n ρi+n−s
= ρi+n−sγw1 . . . wn−1ρn−1Bkn,n−1ρi+n−s
= γρi+n−s(w1 . . . wn−2)ρi+n−sw
ρi+n−s
n−1 ρ
ρi+n−s
n−1 B
ρi+n−s
kn,n−1
Since i ≤ ks − 2, then i + n− s ≤ ks − 2 + n− s = kn − 2 < n− 2, therefore
B
ρi+n−s
kn,n−1 = Bkn,n−1, w
ρi+n−s
n−1 = wn−1, ρ
ρi+n−s
n−1 = ρn−1 and the braid γρi+n−s does
not involve the strand n. Since ρi+n−s fixes n, then (w1 . . . wn−2)ρi+n−s belongs
to 〈λ1,n, λn,1〉 × · · · × 〈λn−2,n, λn,n−2〉. Then we have
β1 = γ
ρi+n−s(w1 . . . wn−2)ρi+n−swn−1ρn−1Bkn,n−1.
Step 4. β2 = γρi+n−s(w1 . . . wn−2)ρi+n−sρn−1Bks,n−1
Step 5. Since i + n − s < n − 2, then ρn−1 and ρi+n−s commute, therefore the braid
%(β) has the following form
%(β) = γρi+n−s(w1 . . . wn−2)ρi+n−sρn−1Bkn,n−1
= γρi+n−s(w1 . . . wn−2)ρn−1ρi+n−sBkn,n−1
= γρi+n−s((w1 . . . wn−2)ρn−1)ρi+n−sB
ρi+n−s
kn,n−1
= (γ(w1 . . . wn−2)ρn−1Bkn,n−1)
ρi+n−s = %(α)ρi+n−s
Therefore %(β) = %(α)ρi+n−s and by the induction hypothesis the braids %∗(α) and
%∗(β) are conjugated by the element from Sn.
Case 3.1.2. i = ks − 1. Let us find the braid %(β).
Step 1. Since ks ≤ s− 1, then i = ks − 1 ≤ s− 2 and ρi fixes the strands s. Then the
image of s under the permutation β = ρks−1αρks−1 is equal to ks − 1.
s
ρks−1−−−−→ s α−−−→ ks ρks−1−−−−→ ks − 1.
Therefore s is a maximal number which is not foxed by β.
Step 2. We have β1 = Bs−n1,n βB
n−s
1,n and ι(β1)(n) = kn − 1.
n
Bs−n1,n−−−−→ s β−−−→ ks − 1
Bn−s1,n−−−−→ n− s+ ks − 1 = kn − 1
Step 3. Using the same arguments as in the case 3.1.1 we have
ρks−1B
n−s
1,n = B
n−s
1,n ρn−s+ks−1 = B
n−s
1,n ρkn−1.
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Therefore the braid β1 has the following form
β1 = B
s−n
1,n βB
n−s
1,n = B
s−n
1,n ρks−1αρks−1B
n−s
1,n = ρkn−1B
s−n
1,n αB
n−s
1,n ρkn−1
= ρkn−1γw1 . . . wn−1ρn−1Bkn,n−1ρkn−1
= γρkn−1(w1 . . . wn−2)ρkn−1w
ρkn−1
n−1 ρ
ρkn−1
n−1 B
ρkn−1
kn,n−1
Since ρρkn−1n−1 B
ρkn−1
kn,n−1 = ρkn−1Bkn−1,n, then we have
β1 = γ
ρkn−1(w1 . . . wn−2)ρkn−1w
ρkn−1
n−1 ρkn−1Bn,kn−1
= γρkn−1ρkn−1(w1 . . . wn−2)wn−1Bn,kn−1
= γρkn−1ρkn−1(w1 . . . wn−2)wn−1ρn−1Bn−1,kn−1
Since kn ≤ n − 1, then kn − 1 ≤ n − 2, therefore the braid γρkn−1ρkn−1 does
not involve the strand n.
Step 4. β2 = γρkn−1ρkn−1(w1 . . . wn−2)ρn−1Bn−1,kn−1
Step 5. The braid %(β) has the following form.
%(β) = γρkn−1ρkn−1(w1 . . . wn−2)
ρn−1Bn−1,kn−1
= γρkn−1(w1 . . . wn−2)ρn−1ρkn−1ρkn−1Bn−1,kn−1
= γρkn−1(w1 . . . wn−2)ρn−1ρkn−1B
ρkn−1
n−1,kn = %(α)
ρkn−1
Therefore %(β) = %(α)ρkn−1 and by the induction hypothesis the braids %∗(α) and
%∗(β) are conjugated by the element from Sn.
Case 3.1.3. i = ks.
Case 3.1.3.1. ks ≤ s − 2. Let us find the image of the braid β = ρksαρks under
the map %.
Step 1. Since ks ≤ s−2, then and ρks fixes s and the image of s under the permutation
ι(β) is equal to ks + 1.
s
ρks−−−→ s α−−−→ ks ρks−−−→ ks + 1
Therefore s is a maximal number which is not fixed by β.
Step 2. We have β1 = Bs−n1,n βB
n−s
1,n and ι(β1)(n) = kn + 1.
n
Bs−n1,n−−−−→ s β−−−→ ks + 1
Bn−s1,n−−−−→ kn + 1,
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Step 3. Analogically to the case 3.1.1, since ks ≤ s − 2, then ρksBn−s1,n = Bn−s1,n ρkn .
Therefore the braid β1 has the following form.
β1 = B
s−n
1,n βB
n−s
1,n = B
s−n
1,n ρksαρksB
n−s
1,n = ρknB
s−n
1,n αB
n−s
1,n ρkn
= ρknγw1 . . . wn−1ρn−1Bkn,n−1ρkn
= γρkn (w1 . . . wn−2)ρknw
ρkn
n−1ρ
ρkn
n−1B
ρkn
kn,n−1
Since ρρknn−1B
ρkn
kn,n−1ρknBkn+1,n, then we have
β1 = γ
ρkn (w1 . . . wn−2)ρknw
ρkn
n−1ρknBkn+1,n
= γρknρkn(w1 . . . wn−2)wn−1Bkn+1,n.
Since ks ≤ s− 2, then kn ≤ n− 2 and the braid γρknρkn does not involve the
strand n.
Step 4. β2 = γρknρkn(w1 . . . wn−2)ρn−1Bkn+1,n−1
Step 5. The braid %(β) has the form
%(β) = γρknρkn(w1 . . . wn−2)
ρn−1Bkn+1,n−1
= γρkn (w1 . . . wn−2)ρn−1ρknρknBkn+1,n−1
= γρkn (w1 . . . wn−2)ρn−1ρknB
ρkn
kn,n−1 = %(α)
ρkn
Therefore %(β) = %(α)ρkn and by the induction hypothesis the braids %∗(α) and
%∗(β) are conjugated by the element from Sn.
Case 3.1.3.2. ks = s− 1.
Case 3.1.3.2.1. ι(α)(s− 1) = s. From the formulas (7) and (8) we have
α1 = γw1 . . . wn−1ρn−1Bkn,n−1,
%(α) = γ(w1 . . . wn−2)ρn−1Bkn,n−1.
Let us rewrite this equalities in more details. Since ι(α)(s) = s − 1, then
ι(α1)(n) = n− 1 and Bkn,n = ρn−1.
n
Bs−ns,n−−−−→ s α−−−→ s− 1 B
n−s
s,n−−−−→ n− 1
Since ι(α)(s− 1) = s then ι(α1) maps (n− 1) to n.
n− 1 B
s−n
s,n−−−−→ s− 1 α−−−→ s B
n−s
s,n−−−−→ n
Therefore, since γ = α1 (Bkn,nw1 . . . wn−1)
−1, then ι(γ)(n− 1) = n− 1
n− 1 α1−−−→ n (Bkn,nw1...wn−1)
−1
−−−−−−−−−−−−−→ n− 1
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and by Lemma 2 we have
γ = ηv1 . . . vn−2,
where η does not involve the strand n−1 and vj ∈ 〈λj,n−1, λn−1,j〉 for j = 1, . . . , n−2.
Therefore
α1 = ηv1 . . . vn−2w1 . . . wn−1ρn−1,
%(α) = ηv1 . . . vn−2(w1 . . . wn−2)ρn−1 .
Let us find the braid %(β).
Step 1. Since ks = s−1 and ι(α)(s−1) = s, then the image of s under the permutation
ι(β) = ι(ρksαρks) = ι(ρs−1αρs−1) is equal to s− 1.
s
ρs−1−−−−→ s− 1 α−−−→ s ρs−1a−−−−→ s− 1,
then s is a maximal number which is not fixed by β.
Step 2. We have β1 = Bs−n1,n βB
n−s
1,n and ι(β1)(n) = n− 1.
n
Bs−n1,n−−−−→ s β−−−→ s− 1 B
n−s
1,n−−−−→ n− 1,
Step 3. Since ρs−1Bn−s1,n = B
n−s
1,n ρn−1, then we have
β1 = B
s−n
1,n βB
n−s
1,n = B
s−n
1,n ρs−1αρs−1B
n−s
1,n = ρn−1B
s−n
1,n αB
n−s
1,n ρn−1
= ρn−1ηv1 . . . vn−2w1 . . . wn−1ρn−1ρn−1
= ηρn−1v
ρn−1
1 . . . v
ρn−1
n−2 w
ρn−1
1 . . . w
ρn−1
n−2 w
ρn−1
n−1 ρn−1
Since the braid η does not involve the strands n − 1, n, then ηρn−1 = η. Also
by Lemma 1 for j = 1, . . . , n− 2 we have
v
ρn−1
j ∈ 〈λj,n, λn,j〉, wρn−1j ∈ 〈λj,n−1, λn−1,j〉
and wρn−1n−1 ∈ 〈λn,n−1, λn−1,n〉. Therefore
β1 = ηw
ρn−1
1 . . . w
ρn−1
n−2 v
ρn−1
1 . . . v
ρn−1
n−2 w
ρn−1
n−1 ρn−1,
where the braid ηwρn−11 . . . w
ρn−1
n−2 does not involve the strand n, the braid v
ρn−1
j
belongs to 〈λj,n, λn,j〉 for j = 1, . . . , n− 2 and wρn−1n−1 ∈ 〈λn,n−1, λn−1,n〉.
Step 4. β2 = ηw
ρn−1
1 . . . w
ρn−1
n−2 v
ρn−1
1 . . . v
ρn−1
n−2 ρn−1
Step 5. The braid %(β) has the following form
%(β) = ηw
ρn−1
1 . . . w
ρn−1
n−2 v1 . . . vn−2
= ηv1 . . . vn−2w
ρn−1
1 . . . w
ρn−1
n−2 [w
ρn−1
1 . . . w
ρn−1
n−2 , v1 . . . vn−2]
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Therefore by the remark 2 the braids %∗(β) and %∗(α) are equal modulo UV P ′m, i. e.
%∗(α) = %∗(β) and these braids are certainly conjugated.
Case 3.1.3.2.2. ι(α)(s− 1) = ks−1 ≤ s− 2. By the equalities (7) and (8) we have
α1 = γw1 . . . wn−1ρn−1Bkn,n−1,
%(α) = γ(w1 . . . wn−2)ρn−1Bkn,n−1.
Let us rewrite these equalities in more details. Since ι(α1)(n) = kn = n − 1, then
Bkn,n−1 = 1. Also we have ι(α1)(n− 1) = n− s+ ks−1 = kn−1
n− 1 B
s−n
1,n−−−−→ s− 1 α−−−→ ks−1
Bn−s1,n−−−−→ n− s+ ks−1 = kn−1,
Since γ = α1 (Bkn,nw1 . . . wn−1)
−1, then ι(γ) maps n− 1 to kn−1
n− 1 α1−−−→ kn−1
(Bkn,nw1...wn−1)
−1
−−−−−−−−−−−−−→ kn−1,
therefore by Lemma 2 we have
γ = ηv1 . . . vn−2Bkn−1,n−1,
where η does not involve the strand n − 1, n and vj belongs to 〈λj,n−1, λn−1,j〉 for
j = 1, . . . , n− 2. Therefore we have
α1 = ηv1 . . . vn−2Bkn−1,n−1w1 . . . wn−1ρn−1,
%(α) = ηv1 . . . vn−2Bkn−1,n−1(w1 . . . wn−2)
ρn−1 .
Let us count %2(α).
Step 1. Since η does not involve the strand n − 1, then ι(%(α))(n − 1) = kn−1, then
n− 1 is a maximal number which is not fixed by %(α).
Step 2. %(α)1 = %(α) = ηv1 . . . vn−2Bkn−1,n−1(w1 . . . wn−2)ρn−1 .
Step 3. Let us rewrite the braid %(α)1 in the required form.
%(α)1 = ηv1 . . . vn−2Bkn−1,n−1(w1 . . . wn−2)
ρn−1
= ηv1 . . . vn−2(w1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn−1,n−1
= ηv1 . . . vn−2(w1 . . . wkn−1−1wkn−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn−1,n−1
= η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1
· v1 . . . vn−3vn−2w
ρn−1B−1kn−1,n−1
kn−1 Bkn−1,n−1
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By Theorem 3 the braid η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1 does not
involve the strand n−1, the braid vj ∈ 〈λj,n−1, λn−1,j〉 for j = 1, . . . , n−3 and
vn−2w
ρn−1B−1kn−1,n−1
kn−1 ∈ 〈λn−1,n−2, λn−2,n−1〉.
Step 4. %(α)2 = η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1v1 . . . vn−3ρn−2Bkn−1,n−2
Step 5. The braid %2(α) follows
%(α)2 = η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1(v1 . . . vn−3)ρn−2Bkn−1,n−2
Let us count %(β)
Step 1. Since ks = s− 1 and ι(α)(s− 1) = ks−1 ≤ s− 2, then the image of s under the
permutation β = ρksαρks = ρs−1αρs−1 is equal to ks−1.
s
ρs−1−−−−→ s− 1 α−−−→ ks−1 ρs−1−−−−→ ks−1,
then s is a maximal number which is not fixed by β. The image of s−1 under
the permutation β = ρksαρks = ρs−1αρs−1 is equal to s.
s− 1 ρs−1−−−−→ s α−−−→ s− 1 ρs−1−−−−→ s,
Step 2. We have β1 = Bs−nn,1 βB
n−s
n,1 and ι(β1)(n) = ks−1+n−s = kn−1, ι(β1)(n−1) = n
n
Bs−nn,1−−−−→ s β−−−→ ks−1
Bn−s1,n−−−−→ ks−1 + n− s = kn−1,
n− 1 B
s−n
n,1−−−−→ s− 1 β−−−→ s B
s−n
n,1−−−−→ n,
Step 3. Since ks = s− 1 < s then ρs−1Bn−s1,n = Bn−s1,n ρn−1, therefore we have
β1 = B
s−n
1,n βB
n−s
1,n = B
s−n
1,n ρs−1αρs−1B
n−s
1,n = ρn−1B
s−n
1,n αB
n−s
1,n ρn−1
= ρn−1ηv1 . . . vn−2Bkn−1,n−1w1 . . . wn−1ρn−1ρn−1
= ηρn−1(v1 . . . vn−2)ρn−1B
ρn−1
kn−1,n−1(w1 . . . wn−1)
ρn−1ρn−1
= ηρn−1(v1 . . . vn−2)ρn−1(w1 . . . wn−1)
ρn−1
(
B
ρn−1
kn−1,n−1
)−1
B
ρn−1
kn−1,n−1ρn−1
= ηρn−1(v1 . . . vn−2)ρn−1(w1 . . . wn−1)
B−1kn−1,n−1ρn−1Bkn−1,n
= ηρn−1(v1 . . . vn−2)ρn−1(w1 . . . wn−1)
B−1kn−1,nBkn−1,n
= ηρn−1(v1 . . . vn−2)ρn−1(w1 . . . wkn−1−1wkn−1wkn−1+1 . . . wn−1)
B−1kn−1,nBkn−1,n
= ηρn−1(w1 . . . wkn−1−1wkn−1+1 . . . wn−1)
B−1kn−1,n(v1 . . . vn−2)ρn−1w
B−1kn−1,n
kn−1 Bkn−1,n
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By Theorem 3 the braid ηρn−1(w1 . . . wkn−1−1wkn−1+1 . . . wn−1)
B−1kn−1,n does not
involve the strand n, vρn−1j ∈ 〈λj,n, λn,j〉 for j = 1, . . . n−2 and w
B−1kn−1,n
kn−1 belongs
to 〈λn−1,n, λn,n−1〉.
Step 4. β2 = ηρn−1(w1 . . . wkn−1−1wkn−1+1 . . . wn−1)
B−1kn−1,n(v1 . . . vn−2)ρn−1ρn−1Bkn−1,n−1
Step 5. The braid %(β) has the following form
%(β) = ηρn−1(w1 . . . wkn−1−1wkn−1+1 . . . wn−1)
B−1kn−1,n(v1 . . . vn−2)Bkn−1,n−1 (9)
Let us count %2(β)
Step 1. From the equality (9) the image of n − 1 under the permutation ι(%(β)) is
equal to kn−1, therefore n− 1 is a maximal number which is not fixed by %(β).
Step 2. %(β)1 = %(β).
Step 3. Rewrite the braid %(β)1 in the required form
%(β)1 = η
ρn−1(w1 . . . wkn−1−1wkn−1+1 . . . wn−1)
B−1kn−1,n(v1 . . . vn−2)Bkn−1,n−1
= η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
B−1kn−1,nv1 . . . vn−3w
B−1kn−1,n
n−1 vn−2Bkn−1,n−1
Since η does not involve the strands n − 1, n, then ηρn−1 = η does not in-
volve the strand n − 1. By Lemma 1 the braid vn−2w
B−1kn−1,n
n−1 belongs to
〈λn−1,n−2, λn−2,n−1〉, the braid (w1 . . . wkn−1−1wkn−1+1 . . . wn−2)B
−1
kn−1,nv1 . . . vn−3
belongs to 〈λ1,n−1, λn−1,1〉 × · · · × 〈λn−1,n−2, λn−2,n−1〉.
Step 4. %(β)2 = η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
B−1kn−1,nv1 . . . vn−3ρn−2Bkn−1,n−2
Step 5. %2(β) = η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
B−1kn−1,nρn−2(v1 . . . vn−3)ρn−2Bkn−1,n−2
Using simple calculations in symmetric group it is easy to show that B−1kn−1,nρn−2 =
ρn−1B−1kn−1,n−1ρn−1, therefore
(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
B−1kn−1,nρn−2 =
=
(
(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1
)ρn−1
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and since (w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1 does not involve the strands
n− 1, n, then(
(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1
)ρn−1
=
= (w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1
Therefore %2(α) = %2(β) and by the induction hypothesis the braids %∗(α) and
%∗(β) are conjugated by the element from Sn.
Case 3.1.4. ks + 1 ≤ i ≤ s− 2. Let us count the braid %(β) = %(ρiαρi).
Step 1. Since ks ≤ s− 3 and ks + 1 ≤ i ≤ s− 2, then the braid ρi fixes s and ks, and
therefore the image of s under the permutation ι(β) = ι(ρiαρi) is equal to ks.
s
ρi−−−→ s α−−−→ ks ρi−−−→ ks
Therefore s is a maximal number which is not fixed by β.
Step 2. We have β1 = Bs−n1,n βB
n−s
1,n and ι(β1)(n) = kn.
n
Bs−n1,n−−−−→ s β−−−→ ks
Bn−s1,n−−−−→ kn,
Step 3. Since i ≤ s− 2, then ρiBn−s1,n = Bn−s1,n ρn−s+i, and therefore the braid β1 follows.
β1 = B
s−n
1,n βB
n−s
1,n = B
s−n
1,n ρiαρiB
n−s
1,n = ρi+n−sB
s−n
1,n αB
n−s
1,n ρi+n−s
= ρi+n−sγw1 . . . wn−1ρn−1Bkn,n−1ρi+n−s
= γρi+n−s(w1 . . . wn−2)ρi+n−sw
ρi+n−s
n−1 ρ
ρi+n−s
n−1 B
ρi+n−s
kn,n−1
Using simple calculation in the permutation group it is easy to show that
ρ
ρi+n−s
n−1 B
ρi+n−s
kn,n−1 = B
ρi+n−s
kn,n
= ρi+n−sρi+n−s−1Bkn,n, hence
β1 = γ
ρi+n−s(w1 . . . wn−2)ρi+n−sw
ρi+n−s
n−1 ρi+n−sρi+n−s−1Bkn,n
= γρi+n−sρi+n−sρi+n−s−1(w1 . . . wn−2)ρi+n−s−1w
ρi+n−s−1
n−1 Bkn,n
Since i ≤ s− 2, then i+n− s− 1 ≤ n− 3 and the braid γρi+n−sρi+n−sρi+n−s−1
does not involve the strand n. Also by Lemma 1 (w1 . . . wn−2)ρi+n−s−1 belongs
to 〈λ1,n, λn,1〉 × · · · × 〈λn−2,n, λn,n−2〉 and wρi+n−s−1n−1 = wn−1 ∈ 〈λn−1,n, λn,n−1〉.
Step 4. β2 = γρi+n−sρi+n−sρi+n−s−1(w1 . . . wn−2)ρi+n−s−1ρn−1Bkn,n−1
Step 5. The braid β has the following form
%(β) = γρi+n−sρi+n−sρi+n−s−1(w1 . . . wn−2)ρi+n−s−1ρn−1Bkn,n−1
= γρi+n−s(w1 . . . wn−2)ρi+n−s−1ρn−1ρi+n−s−1ρi+n−sρi+n−sρi+n−s−1Bkn,n−1
= γρi+n−s(w1 . . . wn−2)ρn−1ρi+n−sB
ρi+n−s
kn,n−1 = %(α)
ρi+n−s
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Therefore %(β) = %(α)ρi+n−s and by the induction hypothesis the braids %∗(α) and
%∗(β) are conjugated by the element from Sn.
Case 3.1.5. i = s− 1. In this case we can consider that ks < s− 1 since the case
when ks = s− 1 = i is already solved in the case 3.1.3.2.
Case 3.1.5.1. ι(α)(s − 1) = s. By the equalities (7) and (8) the braids α1 and
%(α) have the following forms
α1 = γw1 . . . wn−1ρn−1Bkn,n−1,
%(α) = γ(w1 . . . wn−2)ρn−1Bkn,n−1.
Let us rewrite this equalities in more details. Since ι(α)(s − 1) = s, then the
permutation ι(α1) maps n− 1 to n.
n− 1 B
s−n
1,n−−−−→ s− 1 α−−−→ s B1,nn−s−−−−−−→ n
Therefore the permutation ι(γ) = ι(α1 (w1 . . . wn−1ρn−1Bkn,n−1)
−1) fixes n− 1
n− 1 α1−−−→ n (w1...wn−1ρn−1Bkn,n−1)
−1
−−−−−−−−−−−−−−−−−→ n− 1,
and by Lemma 2 we have
γ = ηv1 . . . vn−2,
where η does not involve the strands n − 1, n and vj ∈ 〈λj,n−1, λn−1,j〉. Therefore
the braids α1, %(α) can be rewritten.
α1 = ηv1 . . . vn−2w1 . . . wn−1ρn−1Bkn,n−1
%(α) = ηv1 . . . vn−2(w1 . . . wn−2)ρn−1Bkn,n−1
Let us count %2(α)
Step 1. Since ks < s − 1, then kn < n − 1, therefore Bk1,n−1 6= 1, then n − 1 is a
maximal number which is not fixed by %(α).
Step 2. %(α)1 = %(α).
Step 3. The braid %(α)1 has the following form.
%(α)1 = %(α) = ηv1 . . . vn−2(w1 . . . wn−2)ρn−1Bkn,n−1
= ηv1 . . . vn−3(w1 . . . wn−3)ρn−1vn−2w
ρn−1
n−2 Bkn,n−1
Here the braid η does not involve the strand n − 1, by Lemma 1 the braid
v1 . . . vn−3(w1 . . . wn−3)ρn−1 belongs to 〈λ1,n−1, λn−1,1〉×· · ·×〈λ1,n−3, λn−3,1〉 and
vn−2w
ρn−1
n−2 belongs to 〈λn−1,n−2, λn−2,n−1〉.
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Step 4. %(α)2 = ηv1 . . . vn−3(w1 . . . wn−3)ρn−1ρn−2Bkn,n−2
Step 5. The braid %2(α) follows.
%2(α) = η(v1 . . . vn−3)ρn−2(w1 . . . wn−3)ρn−1ρn−2Bkn,n−2 (10)
Let us find the braid %(β) = %(ρiαρi) = %(ρs−1αρs−1).
Step 1. Since i = s−1 and ι(α)(s−1) = s, then the image of s under the permutation
β = ρs−1αρs−1 is equal to s− 1
s
ρs−1−−−−→ s− 1 α−−−→ s ρs−1−−−−→ s− 1,
then s is a maximal number which is not fixed by β.
Step 2. We have β1 = Bs−n1,n βB
n−s
1,n and ι(β1)(n) = n− 1.
n
Bs−n1,n−−−−→ s β−−−→ s− 1 B
n−s
1,n−−−−→ n− 1
Step 3. Since ρs−1Bn−s1,n = B
n−s
1,n ρn−1, then then we have
β1 = B
s−n
1,n βB
n−s
1,n = B
s−n
1,n ρs−1αρs−1B
n−s
1,n = ρn−1B
s−n
1,n αB
n−s
1,n ρn−1
= ρn−1ηv1 . . . vn−2w1 . . . wn−1ρn−1Bkn,n−1ρn−1
= ηρn−1(v1 . . . vn−2)ρn−1(w1 . . . wn−1)ρn−1ρn−1B
ρn−1
kn,n−1
= ηρn−1(v1 . . . vn−2)ρn−1(w1 . . . wn−1)ρn−1Bkn,n−1ρn−1
= ηρn−1Bkn,n−1(v1 . . . vn−2)
ρn−1Bkn,n−1(w1 . . . wn−1)ρn−1Bkn,n−1ρn−1
= ηρn−1Bkn,n−1(v1 . . . vn−2)
Bkn,n(w1 . . . wn−1)Bkn,nρn−1
= ηρn−1Bkn,n−1(v1 . . . vn−3)
Bkn,n(w1 . . . wn−2)Bkn,nw
Bkn,n
n−1 v
Bkn,n
n−2 ρn−1
= ηρn−1Bkn,n−1(w1 . . . wn−2)
Bkn,n(v1 . . . vn−3)Bkn,nw
Bkn,n
n−1 v
Bkn,n
n−2 ρn−1
Since η does not involve the strands n − 1, n, then ηρn−1 = η and the braid
ηρn−1Bkn,n−1(w1 . . . wn−2)
Bkn,n does not involve the strand n. By Lemma 2 the
braid (v1 . . . vn−3)Bkn,nw
Bkn,n
n−1 belongs to 〈λ1,n, λn,1〉× · · · × 〈λn−2,n, λn,n−2〉 and
v
Bkn,n
n−2 belongs to 〈λn−1,n, λn,n−1〉.
Step 4. β2 = ηρn−1Bkn,n−1(w1 . . . wn−2)Bkn,n(v1 . . . vn−3)Bkn,nw
Bkn,n
n−1 ρn−1
Step 5. %(β) = ηρn−1Bkn,n−1(w1 . . . wn−2)Bkn,n(v1 . . . vn−3)Bkn,nρn−1w
Bkn,nρn−1
n−1
Let us count the braid %2(β) = %(%(β)).
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Step 1. Since η does not involve the strand n − 1, n therefore ηρn−1 = η and ι(η)
fixes n− 1. Moreover since (w1 . . . wn−2)Bkn,n(v1 . . . vn−3)Bkn,nρn−1wBkn,nρn−1n−1 is
a pure braid, that the image of n − 1 under the permutation ι(%(β)) is equal
to ι(Bkn,n−1)(n− 1) = kn. Therefore n− 1 is a maximal number which is not
fixed by %(β).
Step 2. %(β)1 = %(β).
Step 3. The braid %(β)1 has the following form
%(β)1 = η
ρn−1Bkn,n−1(w1 . . . wn−2)
Bkn,n(v1 . . . vn−3)Bkn,nρn−1w
Bkn,nρn−1
n−1
= ηρn−1(w1 . . . wn−2)
Bkn,nB
−1
kn,n−1(v1 . . . vn−3)
Bkn,nρn−1B
−1
kn,n−1
· wBkn,nρn−1B
−1
kn,n−1
n−1 Bkn,n−1
Since Bkn,nB
−1
kn,n−1 = ρn−1, Bkn,nρn−1B
−1
kn,n−1 = ρn−2ρn−1, then we have
%(β)1 = η
ρn−1(w1 . . . wn−2)ρn−1(v1 . . . vn−3)ρn−2ρn−1w
ρn−2ρn−1
n−1 Bkn,n−1
= ηρn−1(w1 . . . wn−3)ρn−1(v1 . . . vn−3)ρn−2ρn−1w
ρn−1
n−2 w
ρn−2ρn−1
n−1 Bkn,n−1
Here the braid ηρn−1 = η does not involve the strand n− 1. Also by Lemma 2
the braid (w1 . . . wn−3)ρn−1(v1 . . . vn−3)ρn−2ρn−1 belongs to the group 〈λ1,n−1, λn−1,1〉×
· · · × 〈λn−3,n−1, λn−1,n−3〉 and wρn−2ρn−1n−1 ∈ 〈λn−1,n−2, λn−2,n−1〉.
Step 4. %(β)2 = ηρn−1(w1 . . . wn−3)ρn−1(v1 . . . vn−3)ρn−2ρn−1ρn−2Bkn,n−2
Step 5. The braid %2(β) has the following form
%2(β) = ηρn−1(w1 . . . wn−3)ρn−1ρn−2(v1 . . . vn−3)ρn−2ρn−1ρn−2Bkn,n−2
%2(β) = ηρn−1(v1 . . . vn−3)ρn−2ρn−1ρn−2(w1 . . . wn−3)ρn−1ρn−2
· [(w1 . . . wn−3)ρn−1ρn−2 , (v1 . . . vn−3)ρn−2ρn−1ρn−2 ]Bkn,n−2
By Lemma 2 it is obvious that (v1 . . . vn−3)ρn−2ρn−1ρn−2 = (v1 . . . vn−3)ρn−2 and
therefore by the remark 2 the braids %∗(β) and %∗(α) are equal modulo UV P ′m,
i. e. %∗(α) = %∗(β).
Case 3.1.5.2. ι(α)(s−1) = s−1. Since β = ρs−1αρs−1 then ι(β) fixes s and maps
s− 1 to ks.
s
ρs−1−−−−→ s− 1 α−−−→ s− 1 ρs−1−−−−→ s
s− 1 ρs−1−−−−→ s α−−−→ ks(≤ s− 2) ρs−1−−−−→ ks
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Therefore s−1 is maximal number which is not fixed by β, and β1 has the following
form.
β1 = B
s−1−n
1,n βB
n−s+1
1,n = B
−1
1,nB
s−n
1,n ρs−1αρs−1B
n−s
1,n B1,n
= B−11,nρn−1B
s−n
1,n αB
n−s
1,n ρn−1B1,n = B
−1
1,n−1α1B1,n−1
If we denote by δ1 = β1, δ2 = δρ11 , δ3 = δ
ρ2
2 , . . . , δn−1 = δ
ρn−2
n−2 = α1, then it is obvious
that n is not fixed by ι(δj) for every j. Since δj+1 is obtained from δj conjugating
by ρj (j < n − 1), then by the cases 3.1.1–3.1.4 the braids %∗(δj+1) and %∗(δj) are
conjugated by the element from Sn, i. e. %∗(δj) = %∗(δj+1)
µj . Therefore we have
%∗(β1) = %∗(δ1) = %∗(δ2)
µ1
= %∗(δ3)
µ2µ1
= · · · = %∗(δn−1)µn−2...µ1 = %∗(α1)µn−2...µ1 ,
so the braids %∗(β) = %∗(β1) and %∗(α) = %∗(α1) are conjugated by the element from
Sn.
Case 3.1.5.3. ι(α)(s− 1) ≤ s− 2.
Case 3.1.5.3.1. ι(α)(s−1) ≥ ι(α)(s)+1. By the equalities (7) and (8) the braids
α1 and %(α) have the following forms.
α1 = γw1 . . . wn−1ρn−1Bkn,n−1
%(α) = γ(w1 . . . wn−2)ρn−1Bkn,n−1
Let us rewrite this equalities in more details. Since ι(α)(s − 1) ≤ s − 2, then
ι(α1)(n− 1) = n− s+ ι(α)(s− 1).
n− 1 B
s−n
1,n−−−−→ s− 1 α−−−→ ι(α)(s− 1) B
n−s
1,n−−−−→ n− s+ ι(α)(s− 1)
Therefore since ι(α)(s−1) ≥ ι(α)(s)+1, then the braid γ = α1 (w1 . . . wn−1ρn−1Bkn,n−1)−1
maps n− 1 to kn−1 = n− s+ ι(α)(s− 1)− 1 ≥ n− s+ ι(α)(s) = kn
n− 1 α1−−−→ n− s+ ι(α)(s− 1) (w1...wn−1ρn−1Bkn,n−1)
−1
−−−−−−−−−−−−−−−−−→ n− s+ ι(α)(s− 1)− 1,
and by Lemma 2 we have
γ = ηv1 . . . vn−2Bkn−1,n−1,
where η does not involve the strands n − 1, n and vj belongs to 〈λj,n−1, λn−1,j〉 for
j = 1, . . . , n− 1. Therefore
α1 = ηv1 . . . vn−2Bkn−1,n−1w1 . . . wn−1ρn−1Bkn,n−1
%(α) = ηv1 . . . vn−2Bkn−1,n−1(w1 . . . wn−2)
ρn−1Bkn,n−1
and kn−1 ≥ kn.
Let us count %2(α)
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Step 1 The permutation ι(%(α)) maps n−1 to kn−1+1 = n−s+ ι(α)(s−1)−1+1 =
n − s + ι(α)(s − 1) 6= n, therefore n − 1 is a maximal number which is not
foxed by %(α).
Step 2 %(α)1 = %(α).
Step 3 The braid %(α)1 = %(α) can be rewritten.
%(α1) = ηv1 . . . vn−2Bkn−1,n−1(w1 . . . wn−2)
ρn−1Bkn,n−1
= ηv1 . . . vn−2(w1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn−1,n−1Bkn,n−1
Since kn−1 ≥ kn, then Bkn−1,n−1Bkn,n−1 = Bkn,n−2Bkn−1+1,n−1 and
%(α1) = ηv1 . . . vn−2(w1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn,n−2Bkn−1+1,n−1
= η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1v1 . . . vn−2w
ρn−1B−1kn−1,n−1
kn−1
· Bkn,n−2Bkn−1+1,n−1
= η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn,n−2
· (v1 . . . vn−2)Bkn,n−2w
ρn−1B−1kn−1,n−1Bkn,n−2
kn−1 Bkn−1+1,n−1
= η(w1 . . . wkn−1−1wkn−1+1 . . . wkn−1)
ρn−1B−1kn−1,n−1Bkn,n−2
· (v1 . . . vn−4vn−2)Bkn,n−2w
ρn−1B−1kn−1,n−1Bkn,n−2
kn−1 v
Bkn,n−2
n−3 Bkn−1+1,n−1
By Lemma 1 the braid η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn,n−2
does not involve the strand n−1, the braid (v1 . . . vn−4vn−2)Bkn,n−2w
ρn−1B−1kn−1,n−1Bkn,n−2
kn−1
belongs to 〈λ1,n−1, λn−1,1〉×· · ·×〈λn−3,n−1, λn−1,n−3〉 and vBkn,n−2n−3 ∈ λn−2,n−1, λn−1,n−2〉.
Step 4 The braid %(α)2 has the following form
%(α)2 = η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn,n−2
· (v1 . . . vn−4vn−2)Bkn,n−2w
ρn−1B−1kn−1,n−1Bkn,n−2
kn−1 ρn−2Bkn−1+1,n−2
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Step 5 Finally, the braid %2(α) follows
%2(α) = η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn,n−2
· (v1 . . . vn−4vn−2)Bkn,n−2ρn−2w
ρn−1B−1kn−1,n−1Bkn,n−2ρn−2
kn−1 Bkn−1+1,n−2
= η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1
· (v1 . . . vn−4vn−2)Bkn,n−2ρn−2B
−1
kn,n−2w
ρn−1B−1kn−1,n−1Bkn,n−2ρn−2B
−1
kn,n−2
kn−1
· Bkn,n−2Bkn−1+1,n−2
Let us count %(β) = %(ρs−1αρs−1).
Step 1 An image of s under the braid β = ρs−1αρs−1 is equal to ι(α)(s− 1).
s
ρs−1−−−−→ s− 1 α−−−→ α(s− 1) ρs−1−−−−→ α(s− 1)
Therefore s is a maximal number which is not fixed by β.
Step 2 β1 = Bs−n1,n βB
n−s
1,n .
Step 3 Since ρs−1Bn−s1,n = B
n−s
1,n ρn−1, then we have
β1 = B
s−n
1,n βB
n−s
1,n = B
s−n
1,n ρs−1αρs−1B
n−s
1,n = ρn−1B
s−n
1,n αB
n−s
1,n ρn−1 = ρn−1α1ρn−1
= ρn−1ηv1 . . . vn−2Bkn−1,n−1w1 . . . wn−1ρn−1Bkn,n−1ρn−1
= ηρn−1(v1 . . . vn−2)ρn−1B
ρn−1
kn−1,n−1(w1 . . . wn−1)
ρn−1B
ρn−1
kn,n
= ηρn−1(v1 . . . vn−2)ρn−1(w1 . . . wn−1)
B−1kn−1,n−1ρn−1B
ρn−1
kn−1,n−1B
ρn−1
kn,n
Using simple calculations in the symmetric group, it is easy to see that
B
ρn−1
kn−1,n−1B
ρn−1
kn,n
= Bkn,n−1ρn−2Bkn−1+1,n, (11)
therefore
β1 = η
ρn−1(v1 . . . vn−2)ρn−1(w1 . . . wn−1)
B−1kn−1,n−1ρn−1Bkn,n−1ρn−2Bkn−1+1,n
= ηρn−1(w1 . . . wkn−1−1wkn−1+1 . . . wn−1)
B−1kn−1,n−1ρn−1
· (v1 . . . vn−2)ρn−1w
B−1kn−1,n−1ρn−1
kn−1 Bkn,n−1ρn−2Bkn−1+1,n
= ηρn−1(w1 . . . wkn−1−1wkn−1+1 . . . wn−1)
B−1kn−1,n−1ρn−1Bkn,n−1ρn−2
· (v1 . . . vn−2)ρn−1Bkn,n−1ρn−2w
B−1kn−1,n−1ρn−1Bkn,n−1ρn−2
kn−1 Bkn−1+1,n
= ηρn−1(w1 . . . wkn−1−1wkn−1+1 . . . wn−1)
B−1kn−1,n−1ρn−1Bkn,n−1ρn−2
· (v1 . . . vn−4vn−2)ρn−1Bkn,n−1ρn−2w
B−1kn−1,n−1ρn−1Bkn,n−1ρn−2
kn−1 v
ρn−1Bkn,n−1ρn−2
n−3 Bkn−1+1,n
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By Theorem 3 the braid
ηρn−1(w1 . . . wkn−1−1wkn−1+1 . . . wn−1)
B−1kn−1,n−1ρn−1Bkn,n−1ρn−2
does not involve the strand n, the braid
(v1 . . . vn−4vn−2)ρn−1Bkn,n−1ρn−2w
B−1kn−1,n−1ρn−1Bkn,n−1ρn−2
kn−1
belongs to 〈λ1,n, λn,1〉 × · · · × 〈λn−2,n, λn,n−2〉 and the braid vρn−1Bkn,n−1ρn−2n−3
belongs to 〈λn−1,n, λn,n−1〉.
Step 4 The braid β2 follows
β2 = η
ρn−1(w1 . . . wkn−1−1wkn−1+1 . . . wn−1)
B−1kn−1,n−1ρn−1Bkn,n−1ρn−2
· (v1 . . . vn−4vn−2)ρn−1Bkn,n−1ρn−2w
B−1kn−1,n−1ρn−1Bkn,n−1ρn−2
kn−1 ρn−1Bkn−1+1,n−1
Step 5 The braid %(β) is the following.
%(β) = ηρn−1(w1 . . . wkn−1−1wkn−1+1 . . . wn−1)
B−1kn−1,n−1ρn−1Bkn,n−1ρn−2
· (v1 . . . vn−4vn−2)ρn−1Bkn,n−1ρn−2ρn−1w
B−1kn−1,n−1ρn−1Bkn,n−1ρn−2ρn−1
kn−1 Bkn−1+1,n−1
Let us find the braid %2(β).
Step 1 Since ηρn−1 does not involve the strands n−1, n, then the image of n−1 under
the permutation ι(%(β)) is equal to the image of n− 1 under the permutation
ι(Bkn,n−1ρn−2Bkn−1+1,n−1) and is equal to kn. Then n−1 is a maximal number
which is not fixed by %(β).
Step 2 %(β)1 = %(β).
Step 3 The braid %(β)1 can be rewritten
%(β)1 = η
ρn−1(w1 . . . wkn−1−1wkn−1+1 . . . wn−1)
B−1kn−1,n−1ρn−1
· (v1 . . . vn−4vn−2)ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1
· wB
−1
kn−1,n−1ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1
kn−1
· Bkn,n−1ρn−2Bkn−1+1,n−1
The following equality is faithful in the symmetric group
Bkn,n−1ρn−2Bkn−1+1,n−1 = ρn−3Bkn−1,n−2Bkn,n−1 = Bkn−1,n−3Bkn,n−1, (12)
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therefore
%(β)1 = η
ρn−1(w1 . . . wkn−1−1wkn−1+1 . . . wn−1)
B−1kn−1,n−1ρn−1
· (v1 . . . vn−4vn−2)ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1
· wB
−1
kn−1,n−1ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1
kn−1
· Bkn−1,n−3Bkn,n−1
= ηρn−1(v1 . . . vn−4vn−2)
ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1
· (w1 . . . wkn−1−1wkn−1+1 . . . wn−2)B
−1
kn−1,n−1ρn−1
· wB
−1
kn−1,n−1ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1
kn−1
· wB
−1
kn−1,n−1ρn−1
n−1 Bkn−1,n−3Bkn,n−1
= ηρn−1(v1 . . . vn−4vn−2)
ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1Bkn−1,n−3
· (w1 . . . wkn−1−1wkn−1+1 . . . wn−2)B
−1
kn−1,n−1ρn−1Bkn−1,n−3
· wB
−1
kn−1,n−1ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1Bkn−1,n−3
kn−1
· wB
−1
kn−1,n−1ρn−1Bkn−1,n−3
n−1 Bkn,n−1
Here the braid ηρn−1(v1 . . . vn−4vn−2)ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1Bkn−1,n−3 does
not involve the strand n− 1, the braid
(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
B−1kn−1,n−1ρn−1Bkn−1,n−3·
· wB
−1
kn−1,n−1ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1Bkn−1,n−3
kn−1
belongs to 〈λn−1,1, λ1,n−1〉×· · ·×〈λn−3,n−1, λn−1,n−3〉 and w
B−1kn−1,n−1ρn−1Bkn−1,n−3
n−1
belongs to 〈λn−2,n−1, λn−1,n−2〉.
Step 4 The braid %(β)2 follows.
%(β)2 = η
ρn−1(v1 . . . vn−4vn−2)
ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1Bkn−1,n−3
· (w1 . . . wkn−1−1wkn−1+1 . . . wn−2)B
−1
kn−1,n−1ρn−1Bkn−1,n−3
· wB
−1
kn−1,n−1ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1Bkn−1,n−3
kn−1 ρn−2Bkn,n−2
33
Step 5 The braid %2(β) has the following form.
%2(β) = ηρn−1(v1 . . . vn−4vn−2)
ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1Bkn−1,n−3
· (w1 . . . wkn−1−1wkn−1+1 . . . wn−2)B
−1
kn−1,n−1ρn−1Bkn−1,n−3ρn−2
· wB
−1
kn−1,n−1ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1Bkn−1,n−3ρn−2
kn−1 Bkn,n−2
= ηρn−1(v1 . . . vn−4vn−2)
ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1
· (w1 . . . wkn−1−1wkn−1+1 . . . wn−2)B
−1
kn−1,n−1ρn−1Bkn−1,n−3ρn−2B
−1
kn−1,n−3
· wB
−1
kn−1,n−1ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1Bkn−1,n−3ρn−2B
−1
kn−1,n−3
kn−1
· Bkn−1,n−3Bkn,n−2
= ηρn−1(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
B−1kn−1,n−1ρn−1Bkn−1,n−3ρn−2B
−1
kn−1,n−3
· (v1 . . . vn−4vn−2)ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1
· [(v1 . . . vn−4vn−2)ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1 ,
(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
B−1kn−1,n−1ρn−1Bkn−1,n−3ρn−2B
−1
kn−1,n−3 ]
· wB
−1
kn−1,n−1ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1Bkn−1,n−3ρn−2B
−1
kn−1,n−3
kn−1
· Bkn−1,n−3Bkn,n−2
Now we have
%2(β) = ηρn−1(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
B−1kn−1,n−1ρn−1Bkn−1,n−3ρn−2B
−1
kn−1,n−3
· (v1 . . . vn−4vn−2)ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1
· [(v1 . . . vn−4vn−2)ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1 ,
(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
B−1kn−1,n−1ρn−1Bkn−1,n−3ρn−2B
−1
kn−1,n−3 ]
· wB
−1
kn−1,n−1ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1Bkn−1,n−3ρn−2B
−1
kn−1,n−3
kn−1
· Bkn−1,n−3Bkn,n−2
%2(α) = η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1
(v1 . . . vn−4vn−2)
Bkn,n−2ρn−2B
−1
kn,n−2w
ρn−1B−1kn−1,n−1Bkn,n−2ρn−2B
−1
kn,n−2
kn−1
Bkn,n−2Bkn−1+1,n−2
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Note that the following equalities are faithful in the symmetric group
Bkn−1,n−3Bkn,n−2 = Bkn,n−2Bkn−1+1,n−2
ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1 = ρn−1ρn−2ρn−3ρn−2ρn−1ρn−2ρn−3ρn−2
= ρn−1ρn−3ρn−2ρn−3ρn−1ρn−2ρn−3ρn−2
= ρn−1ρn−3ρn−2ρn−1ρn−3ρn−2ρn−3ρn−2
= ρn−1ρn−3ρn−2ρn−1ρn−3ρn−3ρn−2ρn−3
= ρn−1ρn−3ρn−2ρn−1ρn−2ρn−3
= ρn−3ρn−1ρn−2ρn−1ρn−2ρn−3
= ρn−3ρn−1ρn−1ρn−2ρn−1ρn−3
= ρn−3ρn−2ρn−1ρn−3
= ρn−3ρn−2ρn−3ρn−1
Bkn,n−2ρn−2B
−1
kn,n−2 = ρn−3ρn−2ρn−3
Therefore we have
(v1 . . . vn−4vn−2)
ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1 = ((v1 . . . vn−4vn−2)ρn−3ρn−2ρn−3)ρn−1 ,
and since (v1 . . . vn−4vn−2)ρn−3ρn−2ρn−3 does not involve the strands n− 1, n, then
((v1 . . . vn−4vn−2)ρn−3ρn−2ρn−3)ρn−1 =
= (v1 . . . vn−4vn−2)ρn−3ρn−2ρn−3 =
= (v1 . . . vn−4vn−2)
Bkn,n−2ρn−2B
−1
kn,n−2
and we have
(v1 . . . vn−4vn−2)
ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1 = (v1 . . . vn−4vn−2)
Bkn,n−2ρn−2B
−1
kn,n−2 .
Also, since
B−1kn−1,n−1ρn−1Bkn−1,n−3ρn−2B
−1
kn−1,n−3 = B
−1
kn−1,n−1ρn−1ρn−2
= B−1kn−1,n−1ρn−1ρn−2
= ρkn−1 . . . ρn−3ρn−2ρn−1ρn−2
= ρkn−1 . . . ρn−3ρn−1ρn−2ρn−1
= ρn−1ρkn−1 . . . ρn−3ρn−2ρn−1 = ρn−1B
−1
kn−1,n−1ρn−1,
then
(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
B−1kn−1,n−1ρn−1Bkn−1,n−3ρn−2B
−1
kn−1,n−3 =
=
(
(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1
)ρn−1
,
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and since the braid (w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1 does not involve the
strands n− 1, n, then
(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
B−1kn−1,n−1ρn−1Bkn−1,n−3ρn−2B
−1
kn−1,n−3 =
= (w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1
w
B−1kn−1,n−1ρn−1Bkn,n−1ρn−2ρn−1ρn−2B
−1
kn,n−1Bkn−1,n−3ρn−2B
−1
kn−1,n−3
kn−1 =
= w
ρn−1B−1kn−1,n−1Bkn,n−2ρn−2B
−1
kn,n−2
kn−1
Finally since η does not involve the strands n− 1, n, then ηρn−1 = η. Therefore the
braids %2(α) and %2(β) are equal modulo UV P ′n−2 and by the remark 2 the braids
%∗(β) and %∗(α) are equal modulo UV P ′m, i. e. %∗(α) = %∗(β).
Case 3.1.5.3.2. α(s− 1) < α(s) + 1. This case literally repeats the case 3.1.5.3.1
using the fact that in this case kn−1 < kn and then using the equalities
Bkn−1,n−1Bkn,n−1 = Bkn−1,n−2Bkn−1,n−1
B
ρn−1
kn−1,n−1B
ρn−1
kn,n
= Bkn−1,n−1ρn−2Bkn−1,n
instead of equalities (11) and (12).
Case 3.1.6. i = s. In this case the braid β = ρsαρs maps s+ 1 to ks.
s+ 1
ρs−−−→ s α−−−→ ks ρs−−−→ ks
Therefore s+ 1 is a maximal number, which is not fixed by β and we have
β1 = B
s+1−n
1,n βB
n−s−1
1,n = B1,nB
s−n
1,n ρs−1αρs−1B
n−s
1,n B
−1
1,n
= B1,nρn−1Bs−n1,n αB
n−s
1,n ρn−1B
−1
1,n
= B1,nρn−1α1ρn−1B−11,n = ρn−2B1,nα1B
−1
1,nρn−2
If we denote by δ1 = α1, δ2 = δρ11 , δ3 = δ
ρ2
2 , . . . , δn−1 = δ
ρn−2
n−2 , δn = δ
ρn−1
n−1 = α
B−11,n
1 ,
δn+1 = δ
ρn−2
n = β1, then it is obvious, that ι(δi)(n) 6= n for i = 1 . . . n− 1. Therefore
by the previous cases %∗(δi) and %∗(δi+1) are conjugated by the element from Sn for
every i = 1 . . . n− 1.
%(δi) = %(δi+1)
µi
Also since ι(δn)(n− 1) 6= n− 1
n− 1 B1,n−−−−→ n α1−−−→ kn 6= n B1,n−−−−→ kn − 1 (mod n) 6= n− 1
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then by the previous cases %∗(δn) = %∗(δn+1)
µn and we have
%∗(β1) = %∗(δ1) = %∗(δ2)
µ1
= %∗(δ3)
µ2µ1
= · · · = %∗(δn−1)µn−2...µ1 = %∗(α1)µn−2...µ1
Therefore the braids %∗(β) = %∗(β1) and %∗(α) = %∗(α1) are conjugated by the
element from Sn.
Case 3.1.7. i ≥ s+1. In this case the maximal number which is not fixed by the
braid β = ρiαρi is s and we have
s
ρi−−−→ s α−−−→ ks ρi−−−→ ks
Since i ≥ s+ 2, then we have
ρiB
n−s
1,n = ρiB
n−i−1
1,n B1,nB
i−s
1,n = B
n−i−1
1,n ρn−1B1,nB
i−s
1,n
= Bn−i−11,n B1,n−1B
i−s
1,n = B
n−i−1
1,n B1,n−1B1,nB
i−s−1
1,n
= Bn−i−11,n B1,nB2,nB
i−s−1
1,n = B
n−i−1
1,n B1,nB2,nρ1ρ1B
i−s−1
1,n
= Bn−i+11,n ρ1B
i−s−1
1,n = B
n−i+1
1,n B
i−s−1
1,n ρi−s = B
n−s
1,n ρi−s
Therefore the braid β1 can be rewritten
β1 = B
s−n
1,n βB
n−s
1,n = B
s−n
1,n ρiαρiB
n−s
1,n = ρi−sB
s−n
1,n αB
n−s
1,n ρi−s = ρi−sα1ρi−s
Since ι(α1)(n) 6= n and i − s < n, then %∗(α1) and %∗(β1) are conjugated by the
previous cases.
Case 3.2. The braid β is obtained from α conjugating by λ±1i,i+1. If β is obtained
from α conjugating by λ−1i,i+1, then α is obtained from β conjugating by λi,i+1 and
we can consider that β is obtained from α conjugating by λi,i+1.
As we already found in the case 3.1 (equalities (8) and (7)) the braids %(α) and
α1 has the following forms
α1 = γw1 . . . wn−1ρn−1Bkn,n−2,
%(α) = γ(w1 . . . wn−2)ρn−1Bkn,n−1,
where kn = n− s+ ks and ks is a maximal number which is not fixed by α.
Case 3.2.1. i ≤ ks − 2. Let us count the braid %(β) = %(λ−1i,i+1αλi,i+1).
Step 1. Since λi,i+1 is a pure braid, then the maximal number which is not fixed by β
is equal to the maximal number which is not fixed by β and is equal to s.
Step 2. We have β1 = Bs−n1,n βB
n−s
1,n and ι(β1)(n) = ks + n− s = kn 6= n.
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Step 3. By Lemma 1 we have λi,i+1Bn−s1,n = B
n−s
1,n λi+n−s,i+n−s+1. If we denote by j =
i+ n− s, then the braid β1 can be rewritten in more details
β1 = B
s−n
1,n βB
n−s
1,n = B
s−n
1,n λ
−1
i,i+1αλi,i+1B
n−s
1,n
= λ−1j,j+1B
s−n
1,n αB
n−s
1,n λj,j+1 = λ
−1
j,j+1α1λj,j+1
= λ−1j,j+1γw1 . . . wn−1Bkn,nλj,j+1
= λ−1j,j+1γw1 . . . wn−1λ
B−1kn,n
j,j+1 Bkn,n
Since i < ks − 1, then j = i + n − s < kn − 1 and therefore λB
−1
kn,n
j,j+1 = λj,j+1.
Therefore we have
β1 = λ
−1
j,j+1γλj,j+1w1 . . . wn−1Bkn,n,
where the braid λ−1j,j+1γλj,j+1 does not involve the strand n and wr belongs to
〈λr,n, λn,r〉 for r = 1, . . . , wn−1.
Step 4. β2 = λ−1j,j+1γλj,j+1w1 . . . wn−2ρn−1Bkn,n−1.
Step 5. The braid %(β) has the following form.
%(β) = λ−1j,j+1γλj,j+1(w1 . . . wn−2)
ρn−1Bkn,n−1
= λ−1j,j+1γ(w1 . . . wn−2)
ρn−1Bkn,n−1λj,j+1 = %(α)
λj,j+1
Therefore %(α) and %(β) are conjugated and by the induction hypothesis the braids
%∗(α) and %∗(β) are conjugated by the element from Sn.
Case 3.2.2. i = ks − 1. Let us find the braid %(β).
Step 1. The maximal number which is not fixed by α is equal to s.
Step 2. We have β1 = Bs−n1,n βB
n−s
1,n and ι(β1)(n) = ks + n− s = kn 6= n.
Step 3. Similarly to the case 3.2.1 we conclude that β1 = λ−1kn−1,knα1λkn−1,kn and there-
fore we have
β1 = λ
−1
kn−1,knγw1 . . . wn−1Bkn,nλkn−1,kn
= λ−1kn−1,knγw1 . . . wn−1λ
B−1kn,n
kn−1,knBkn,n
= λ−1kn−1,knγw1 . . . wn−1λkn−1,nBkn,n
= λ−1kn−1,knγw1 . . . wn−2λkn−1,nwn−1Bkn,n
Since kn < n, then the braid λ−1kn−1,knγ does not involve the strand n.
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Step 4. β2 = λ−1kn−1,knγw1 . . . wn−2λkn−1,nρn−1Bkn,n−1.
Step 5. The braid %(β) has the following form.
%(β) = λ−1kn−1,knγ(w1 . . . wn−2λkn−1,n)
ρn−1Bkn,n−1
= λ−1kn−1,knγ(w1 . . . wn−2)
ρn−1λkn−1,n−1Bkn,n−1
= λ−1kn−1,knγ(w1 . . . wn−2)
ρn−1Bkn,n−1λ
Bkn,n−1
kn−1,n−1
= λ−1kn−1,knγ(w1 . . . wn−2)
ρn−1Bkn,n−1λkn−1,kn = %(α)
λkn−1,kn .
Therefore the braids %(α) and %(β) are conjugated and by the induction hypothesis
the braids %∗(α) and %∗(β) are conjugated by the element from Sn.
Case 3.2.3. i = ks.
Case 3.2.3.1. ks ≤ s− 2. Let us count the braid %(β).
Step 1. The maximal number which is not fixed by α is equal to s.
Step 2. We have β1 = Bs−n1,n βB
n−s
1,n and ι(β1)(n) = ks + n− s = kn 6= n.
Step 3. Similarly to the case 3.2.1 we have β1 = λ−1kn,kn+1α1λkn,kn+1 and therefore
β1 = λ
−1
kn,kn+1
γw1 . . . wn−1Bkn,nλkn,kn+1
= λ−1kn,kn+1γw1 . . . wn−1λ
B−1kn,n
kn,kn+1
Bkn,n
= λ−1kn,kn+1γw1 . . . wn−1λn,knBkn,n
= λ−1kn,kn+1γw1 . . . wn−2λn,knwn−1Bkn,n
Since ks < s− 1, then kn, kn + 1 < n and the braid λ−1kn,kn+1γ does not involve
the strand n.
Step 4. β2 = λ−1kn,kn+1γw1 . . . wn−2λn,knρn−1Bkn,n−1.
Step 5. The braid %(β) has the following form.
%(β) = λ−1kn,kn+1γ(w1 . . . wn−2λn,kn)
ρn−1Bkn,n−1
= λ−1kn,kn+1γ(w1 . . . wn−2)
ρn−1λn−1,knBkn,n−1
= λ−1kn,kn+1γ(w1 . . . wn−2)
ρn−1Bkn,n−1λ
Bkn,n−1
n−1,kn
= λ−1kn,kn+1γ(w1 . . . wn−2)
ρn−1Bkn,n−1λkn,kn+1 = %(α)
λkn,kn+1
Therefore the braids %(α) and %(β) are conjugated and by the induction hypothesis
the braids %∗(α) and %∗(β) are conjugated by the element from Sn.
Case 3.2.3.2 ks = s− 1.
Case 3.2.3.2.1. ι(α)(s− 1) = s. Let us find the braid %(β) = %(λ−1ks,ks+1αλks,ks+1).
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Step 1. The maximal number which is not fixed by α is equal to s.
Step 2. We have β1 = Bs−n1,n βB
n−s
1,n and ι(β1)(n) = ks + n− s = kn 6= n.
Step 3. Similarly to the case 3.2.1 we have β1 = λ−1kn,kn+1α1λkn,kn+1. Since ks = s− 1,
then kn = n− 1, Bkn,n = ρn−1 and β1 = λ−1n−1,nα1λn−1,n. Then we have
β1 = λ
−1
n−1,nγw1 . . . wn−1ρn−1λn−1,n.
Since ι(α)(s − 1) = s, then ι(α1)(n − 1) = n, therefore the braid γ =
α1 (w1 . . . wn−1ρn−1)
−1 maps n − 1 to n − 1. Hence the braids γ and λ−1n−1,n
commute and we have
β1 = γλ
−1
n−1,nw1 . . . wn−1ρn−1λn−1,n
= γw1 . . . wn−2λ−1n−1,nwn−1ρn−1λn−1,n
= γw1 . . . wn−2λ−1n−1,nwn−1λn,n−1ρn−1
where the braid γ does not involve the strand n, the braid wr belongs to
〈λn,r, λr,n〉 for r = 1, . . . , n−2 and λ−1n−1,nwn−1λn,n−1 belongs to 〈λn,n−1, λn−1,n〉.
Step 4. β2 = γw1 . . . wn−2ρn−1.
Step 5. %(α) = %(β).
Therefore the braids %(α) and %(β) are conjugated and by the induction hypothesis
the braids %∗(α) and %∗(β) are conjugated by the element from Sn.
Case 3.2.3.2.2. ι(α)(s − 1) = ks−1 ≤ s − 2. As already founded in the case
3.1.3.2.2. for ks = s− 1 and ι(α)(s− 1) = ks−1 ≤ s− 2 we have
α1 = ηv1 . . . vn−2Bkn−1,n−1w1 . . . wn−1ρn−1,
%(α) = ηv1 . . . vn−2Bkn−1,n−1(w1 . . . wn−2)
ρn−1 ,
%2(α) = η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1(v1 . . . vn−3)ρn−2Bkn−1,n−2,
where the braid η does not involve the strands n − 1, n the braid vr belongs to
〈λr,n−1, λn−1,r〉 for r = 1, . . . , n − 2 and the braid wr belongs to 〈λr,n, λn,r〉 for
r = 1, . . . , n− 1. Let us count the braid %(β) = %(λs−1,sαλs−1,s).
Step 1. The maximal number which is not fixed by β is equal to s.
Step 2. We have β1 = Bs−n1,n βB
n−s
1,n and ι(β1)(n) = ks + n− s = kn 6= n.
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Step 3. Similarly to the case 3.2.3.2.1. β1 = λ−1n−1,nα1λn−1,n and we have
β1 = λ
−1
n−1,nηv1 . . . vn−2Bkn−1,n−1w1 . . . wn−1ρn−1λn−1,n
= ηλn−1,nλ−1n−1,nv1 . . . vn−2Bkn−1,n−1w1 . . . wn−1λn,n−1ρn−1
= ηλn−1,nv1 . . . vn−2Bkn−1,n−1(λ
−1
n−1,n)
Bkn−1,n−1w1 . . . wn−1λn,n−1ρn−1
= ηλn−1,nv1 . . . vn−2Bkn−1,n−1λ
−1
kn−1,nw1 . . . wn−1λn,n−1ρn−1
Since the braid η does not involve the strands n− 1, n, then ηλn−1,n = η.
Step 4. β2 = ηv1 . . . vn−2Bkn−1,n−1λ
−1
kn−1,nw1 . . . wn−2ρn−1.
Step 5. %(β) = ηv1 . . . vn−2Bkn−1,n−1(λ
−1
kn−1,nw1 . . . wn−2)
ρn−1 .
Let us count the braid %2(β).
Step 1. Since ks−1 ≤ s−2, then kn−1 ≤ n−2, therefore Bkn−1,n−1 6= 1 and the maximal
number which is not fixed by %(β) is equal to n− 1.
Step 2. %(β)1 = %(β).
Step 3. The braid %(β) can be rewritten
%(β) = ηv1 . . . vn−2Bkn−1,n−1(λ
−1
kn−1,nw1 . . . wn−2)
ρn−1
= ηv1 . . . vn−2(λ−1kn−1,nw1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn−1,n−1
= η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1v1 . . . vn−3
· vn−2λ−1n−1,n−2w
ρn−1B−1kn−1,n−1
kn−1 Bkn−1,n−1
Step 4. %(β)2 = η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1v1 . . . vn−3ρn−2Bkn−1,n−2.
Step 5. %2(β) = η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1(v1 . . . vn−3)ρn−2Bkn−1,n−2.
Therefore %2(α) = %2(β) and by the induction hypothesis the braids %∗(α) and %∗(β)
are conjugated by the element from Sn.
Case 3.2.4. ks + 1 ≤ i ≤ s− 2. Let us find the braid %(β) = %(λ−1i,i+1αλi,i+1).
Step 1. The maximal number which is not fixed by β is equal to s.
Step 2. We have β1 = Bs−n1,n βB
n−s
1,n and ι(β1)(n) = ks + n− s = kn 6= n.
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Step 3. By Lemma 1 we have λi,i+1Bn−s1,n = B
n−s
1,n λj,j+1, where j = i + n − s. Since
ks + 1 ≤ i ≤ s− 2 then kn + 1 ≤ j ≤ n− 2 and the braid β can be rewritten
in more details.
β1 = B
s−n
1,n βB
n−s
1,n = B
s−n
1,n λ
−1
i,i+1αλi,i+1B
n−s
1,n = λ
−1
j,j+1α1λj,j+1
= λ−1j,j+1γw1 . . . wn−1Bkn,nλj,j+1
= λ−1j,j+1γw1 . . . wn−1λ
B−1kn,n
j,j+1 Bkn,n
= λ−1j,j+1γw1 . . . wn−1λj−1,jBkn,n
= λ−1j,j+1γλj−1,jw1 . . . wn−1Bkn,n,
Where the braid λ−1j,j+1γλj−1,j does not involve the strand n.
Step 4. β2 = λ−1j,j+1γλj−1,jw1 . . . wn−2ρn−1Bkn,n−1.
Step 5. The braid %(β) follows
%(β) = λ−1j,j+1γλj−1,j(w1 . . . wn−2)
ρn−1Bkn,n−1
= λ−1j,j+1γ(w1 . . . wn−2)
ρn−1λj−1,jBkn,n−1
= λ−1j,j+1γ(w1 . . . wn−2)
ρn−1Bkn,n−1λ
Bkn,n−1
j−1,j
= λ−1j,j+1γ(w1 . . . wn−2)
ρn−1Bkn,n−1λj,j+1 = %(α)
λj,j+1
Therefore the braids %(α) and %(β) are conjugated and by the induction hypothesis
the braids %∗(α) and %∗(β) are conjugated by the element from Sn.
Case 3.2.5. i = s− 1. In this case we can consider that ks < s− 1 since the case
when ks = s− 1 = i is already solved in the case 3.2.3.2.
Case 3.2.5.1. ι(α)(s− 1) = s. From the case 3.1.5.1. we have
α1 = ηv1 . . . vn−2w1 . . . wn−1ρn−1Bkn,n−1,
%(α) = ηv1 . . . vn−2(w1 . . . wn−2)ρn−1Bkn,n−1,
%2(α) = η(v1 . . . vn−3)ρn−2(w1 . . . wn−3)ρn−1ρn−2Bkn,n−2,
where the braid η does not involve the strands n− 1, n. Let us count %(β).
Step 1. The maximal number which is not fixed by β is equal to s.
Step 2. We have β1 = Bs−n1,n βB
n−s
1,n and ι(β1)(n) = ks + n− s = kn 6= n.
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Step 3. By Lemma 1 we have λs−1,sBn−s1,n = B
n−s
1,n λn−1,n, therefore
β1 = B
s−n
1,n βB
n−s
1,n = B
s−n
1,n λ
−1
s−1,sαλs−1,sB
n−s
1,n = λ
−1
n−1,nα1λn−1,n
= λ−1n−1,nηv1 . . . vn−2w1 . . . wn−1Bkn,nλn−1,n
= ηv1 . . . vn−2λ−1n−1,nw1 . . . wn−1λ
B−1kn,n
n−1,nBkn,n
= ηv1 . . . vn−2λ−1n−1,nw1 . . . wn−1λn−2,n−1Bkn,n
= ηv1 . . . vn−2λn−2,n−1w1 . . . wn−2λ−1n−1,nwn−1Bkn,n,
where the braid ηv1 . . . vn−2λn−2,n−1 does not involve the strand n.
Step 4. β2 = ηv1 . . . vn−2λn−2,n−1w1 . . . wn−2ρn−1Bkn,n−1.
Step 5. %(β) = ηv1 . . . vn−2λn−2,n−1(w1 . . . wn−2)ρn−1Bkn,n−1.
Let us count %2(β).
Step 1. Since the braid η does not involve the strand n − 1, then the image of n − 1
under the permutation ι(%(β)) is equal to ι(Bkn,n−1)(n− 1) = kn 6= n− 1.
Step 2. %(β)1 = %(β).
Step 3. The braid %(α)1 has the following form.
%(β)1 = %(β) = ηv1 . . . vn−2λn−2,n−1(w1 . . . wn−2)ρn−1Bkn,n−1
= ηv1 . . . vn−3(w1 . . . wn−3)ρn−1vn−2λn−2,n−1w
ρn−1
n−2 Bkn,n−1
Step 4. %(β)2 = ηv1 . . . vn−3(w1 . . . wn−3)ρn−1ρn−2Bkn,n−2
Step 5. %2(β) = ηv1 . . . vn−3(w1 . . . wn−3)ρn−1ρn−2Bkn,n−2 = %2(α).
By the induction hypothesis the braids %∗(α) and %∗(β) are conjugated by the ele-
ment from Sn.
Case 3.2.5.2. ι(α)(s− 1) = s− 1. In this case we have
α1 = ηv1 . . . vn−2Bkn−1,n−1w1 . . . wn−1ρn−1Bkn,n−1
%(α) = ηv1 . . . vn−2Bkn−1,n−1(w1 . . . wn−2)
ρn−1Bkn,n−1,
where the braid η does not involve the strands n − 1, n and kn−1 ≥ kn. Since
ι(α)(s − 1) = s − 1, then ι(α1)(n − 1) = n − 1, therefore kn−1 = n − 2 and
Bkn−1,n−1 = ρn−2.
α1 = ηv1 . . . vn−2ρn−2w1 . . . wn−1ρn−1Bkn,n−1
%(α) = ηv1 . . . vn−2ρn−2(w1 . . . wn−2)ρn−1Bkn,n−1,
Let us count the braid %(β).
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Step 1. The maximal number which is not fixed by β is equal to s.
Step 2. We have β1 = Bs−n1,n βB
n−s
1,n and ι(β1)(n) = ks + n− s = kn 6= n.
Step 3. Similarly to the case 3.2.5.1. we have β1 = λ−1n−1,nα1λn−1,n and therefore
β1 = λ
−1
n−1,nηv1 . . . vn−2ρn−2w1 . . . wn−1Bkn,nλn−1,n
= ηv1 . . . vn−2λ−1n−1,nρn−2w1 . . . wn−1ρn−1λ
B−1kn,n
n−1,nBkn,n
= ηv1 . . . vn−2ρn−2(λ−1n−1,n)
ρn−2w1 . . . wn−1λn−2,n−1Bkn,n
= ηv1 . . . vn−2ρn−2λn−2,n−1λ−1n−2,nw1 . . . wn−1Bkn,n,
where the braid = ηv1 . . . vn−2ρn−2λn−2,n−1 does not involve the strand n.
Step 4. β1 = ηv1 . . . vn−2ρn−2λn−2,n−1λ−1n−2,nw1 . . . wn−2ρn−1Bkn,n−1.
Step 5. The braid %(β) follows.
%(β) = ηv1 . . . vn−2ρn−2λn−2,n−1(λ−1n−2,nw1 . . . wn−2)
ρn−1Bkn,n−1
%(β) = ηv1 . . . vn−2ρn−2λn−2,n−1λ−1n−2,n−1(w1 . . . wn−2)
ρn−1Bkn,n−1 = %(α).
By the induction hypothesis the braids %∗(α) and %∗(β) are conjugated by the ele-
ment from Sn.
Case 3.2.5.3. ι(α)(s− 1) ≤ s− 2.
Case 3.2.5.3.1. ι(α)(s− 1) ≥ ι(α)(s) + 1. From the case 3.1.5.3.1. we have
α1 = ηv1 . . . vn−2Bkn−1,n−1w1 . . . wn−1ρn−1Bkn,n−1
%(α) = ηv1 . . . vn−2Bkn−1,n−1(w1 . . . wn−2)
ρn−1Bkn,n−1
%2(α) = η(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn,n−2
· (v1 . . . vn−4vn−2)Bkn,n−2ρn−2w
ρn−1B−1kn−1,n−1Bkn,n−2ρn−2
kn−1 Bkn−1+1,n−2
Where the braid η does not involve the strands n−1, n and kn−1 ≥ kn. Let us count
the braid %(β) = %(λ−1n−1,nβλn−1,n).
Step 1. The maximal number which is not fixed by β is equal to s.
Step 2. We have β1 = Bs−n1,n βB
n−s
1,n and ι(β1)(n) = ks + n− s = kn 6= n.
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Step 3. Similarly to the case 3.2.5.1. we have β1 = λ−1n−1,nα1λn−1,n and therefore
β1 = λ
−1
n−1,nηv1 . . . vn−2Bkn−1,n−1w1 . . . wn−1Bkn,nλn−1,n
= ηv1 . . . vn−2λ−1n−1,nBkn−1,n−1w1 . . . wn−1λ
B−1kn,n
n−1,nBkn,n
= ηv1 . . . vn−2Bkn−1,n−1(λ
−1
n−1,n)
Bkn−1,n−1w1 . . . wn−1λn−2,n−1Bkn,n
= ηv1 . . . vn−2Bkn−1,n−1λ
−1
kn−1,nw1 . . . wn−1λn−2,n−1Bkn,n
= ηv1 . . . vn−2Bkn−1,n−1λn−2,n−1λ
−1
kn−1,nw1 . . . wn−1Bkn,n
where the braid ηv1 . . . vn−2Bkn−1,n−1λn−2,n−1 does not involve the strand n.
Step 4. β2 = ηv1 . . . vn−2Bkn−1,n−1λn−2,n−1λ
−1
kn−1,nw1 . . . wn−2ρn−1Bkn,n−1.
Step 5. %(β) = ηv1 . . . vn−2Bkn−1,n−1λn−2,n−1(λ
−1
kn−1,nw1 . . . wn−2)
ρn−1Bkn,n−1.
Let us count %2(β).
Step 1 The maximal number which is not fixed by the braid %(β) is n − 1 and
ι(%(β))(n− 1) = kn−1 + 1.
Step 2 %(β)1 = %(β).
Step 3 The braid %(β)1 can be rewritten
%(α1) = ηv1 . . . vn−2Bkn−1,n−1λn−2,n−1(λ
−1
kn−1,nw1 . . . wn−2)
ρn−1Bkn,n−1
= ηv1 . . . vn−2λ
B−1kn−1,n−1
n−2,n−1 (λ
−1
kn−1,nw1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn−1,n−1Bkn,n−1
= ηv1 . . . vn−2λn−3,n−2(λ−1kn−1,nw1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn−1,n−1Bkn,n−1
Since kn−1 ≥ kn, then
Bkn−1,n−1Bkn,n−1 = Bkn,n−2Bkn−1+1,n−1 (13)
and and therefore
%(α1) = ηv1 . . . vn−2λn−3,n−2(λ−1kn−1,nw1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn,n−2Bkn−1+1,n−1
= ηλn−3,n−2(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1
· v1 . . . vn−2(λ−1kn−1,nwkn−1)
ρn−1B−1kn−1,n−1Bkn,n−2Bkn−1+1,n−1
= ηλn−3,n−2(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn,n−2
· (v1 . . . vn−2)Bkn,n−2(λ−1kn−1,nwkn−1)
ρn−1B−1kn−1,n−1Bkn,n−2Bkn−1+1,n−1
= ηλn−3,n−2(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn,n−2
· (v1 . . . vn−4vn−2)Bkn,n−2(λ−1kn−1,nwkn−1)
ρn−1B−1kn−1,n−1Bkn,n−2v
Bkn,n−2
n−3 Bkn−1+1,n−1,
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where the braid ηλn−3,n−2(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn,n−2
does not involve the strand n− 1.
Step 4 The braid %(β)2 has the following form
%(β)2 = ηλn−3,n−2(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn,n−2
· (v1 . . . vn−4vn−2)Bkn,n−2(λ−1kn−1,nwkn−1)
ρn−1B−1kn−1,n−1Bkn,n−2ρn−2Bkn−1+1,n−2,
Step 5 Finally, the braid %2(α) follows
%2(β) = ηλn−3,n−2(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn,n−2
· (v1 . . . vn−4vn−2)Bkn,n−2ρn−2(λ−1kn−1,nwkn−1)
ρn−1B−1kn−1,n−1Bkn,n−2ρn−2Bkn−1+1,n−2
= ηBkn,n−2λ
Bkn,n−2
n−3,n−2(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn,n−2
· (v1 . . . vn−4vn−2)Bkn,n−2ρn−2(λ−1kn−1,nwkn−1)
ρn−1B−1kn−1,n−1Bkn,n−2ρn−2Bkn−1+1,n−2
= ηBkn,n−2λn−2,kn(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn,n−2
· (v1 . . . vn−4vn−2)Bkn,n−2ρn−2λ−1n−2,knw
ρn−1B−1kn−1,n−1Bkn,n−2ρn−2
kn−1 Bkn−1+1,n−2
= ηBkn,n−2(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn,n−2
· (v1 . . . vn−4vn−2)Bkn,n−2ρn−2λn−2,kn
· [λn−2,kn , (w1 . . . wkn−1−1wkn−1+1 . . . wn−2)ρn−1B
−1
kn−1,n−1Bkn,n−2
· (v1 . . . vn−4vn−2)Bkn,n−2ρn−2 ]λ−1n−2,knw
ρn−1B−1kn−1,n−1Bkn,n−2ρn−2
kn−1 Bkn−1+1,n−2
= ηBkn,n−2(w1 . . . wkn−1−1wkn−1+1 . . . wn−2)
ρn−1B−1kn−1,n−1Bkn,n−2
· (v1 . . . vn−4vn−2)Bkn,n−2ρn−2
· [λn−2,kn , (w1 . . . wkn−1−1wkn−1+1 . . . wn−2)ρn−1B
−1
kn−1,n−1Bkn,n−2
· (v1 . . . vn−4vn−2)Bkn,n−2ρn−2 ]λ
−1
n−2,knw
ρn−1B−1kn−1,n−1Bkn,n−2ρn−2
kn−1 Bkn−1+1,n−2
Therefore the braids %2(α) and %2(β) are equal modulo UV P ′n−2 and by the remark
2 the braids %∗(α) and %∗(β) are equal modulo UV P ′n, therefore %∗(α) = %∗(β).
Case 3.2.5.3.2. ι(α)(s−1) ≤ ι(α)(s). This case literally repeats the case 3.2.5.3.1
using the fact that in this case kn−1 < kn and then using the equalities
Bkn−1,n−1Bkn,n−1 = Bkn−1,n−2Bkn−1,n−1
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instead of equality (13).
Case 3.2.6. i = s. By Lemma 1 we have λs,s+1Bn−s1,n = B
n−s
1,n λn,1, therefore β1 =
λ−1n,1α1λn,1. By the definition λ1,n = B2,nλ1,2B
−1
2,n, therefore
β1 = B2,nλ
−1
1,2B
−1
2,nα1B2,nλ1,2B
−1
2,n = B2,nλ
−1
1,2δ1λ1,2B
−1
2,n,
where δ1 = B−12,nα1B2,n. By the case 3.1 the braids %∗(α1) and %∗(δ1) are conjugated
by the element from Sn. Since α is not a pure braid, then α1 and δ1 are not pure
braids. Therefore the maximal number which is not fixed by δ1 is greater then or
equal to 2. Therefore, by the cases 3.2.1-3.2.5 the braids %∗(δ1) and %∗(λ−11,2δ1λ1,2)
are conjugated by the element from Sn. Also by the case 3.1 the braids %∗(λ−11,2δ1λ1,2)
and %∗(B2,nλ−11,2δ1λ1,2B
−1
2,n) = %
∗(β1) are conjugated by the element from Sn, therefore
the braids %∗(α1) = %∗(α) and %∗(β1) = %∗(β) are conjugated by the element from
Sn.
Case 3.2.7. i ≥ s+ 1. In this case β1 = λ−1j,j+1α1λj,j+1, where
j = ι(Bn−s1,n )(i) = i+ n− s (mod n) < n.
Since the maximal number which is not fixed by α1 is equal to n, then %∗(α1)
and %∗(β1) are conjugated by the element from Sn by the cases 3.2.1-3.2.5. The
proposition is proved.
The following main result of the paper follows immediately from Corollary 1 and
Proposition 2.
Theorem 4. Let α and β be unrestricted virtual braids. Then their closures α̂ and
β̂ are equivalent as fused links if and only if %∗(α) and %∗(β) are conjugated by the
element from Sn < UV Bn.
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